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Abstract
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1 Introduction

Toeplitz matrices have important applications in various disciplines including image processing,
signal processing, and solving least squares problems [1, 2]. It is an ideal research area and hot
topic for the inverses of Toeplitz matrices and the special matrices with famous numbers. Due to the
special structre, it is desirable that the inversion of Toeplitz matrices can be reconstructed by use
of a low number of its columns and the entries of the original Toeplitz matrix. The first result was
presented by Trench [3] from its first and last columns of 77!, on condition that the first element in
the first column is not zero. The Trench’s algorithm for the inversion of Toeplitz matrices is shown
with a detailed proof in [4]. The authors [5] observed that if the last component of the first column
is not zero, then T™* can be recovered from its first and second columns. Labahn [6] proposed that
formulas for the inverse of layered or striped Toeplitz matrices in terms of solutions of standard
equations. Citations of a large number of results have been made in a series of papers and in the
monographs Iohvidov [7] and Heining and Rost [8].

In addition, some scholars showed the explicit determinants and inverses of the special matrices
involving famous numbers. In [9], M. Akbulak and D. Bozkurt treated originally Fibonacci and
Lucas Toeplitz matrices with entries from Fibonacci and Lucas numbers, and they gave the upper
and lower bounds for the spectral norms of the Fibonacci and Lucas Toeplitz matrix. Jaiswal
[10] evaluated some determinants of circulant matrices whose components are the generalized
Fibonacci numbers. Lind considered the determinants of circulant and skew-circulant matrices
involving Fibonacci numbers in [11]. Lin showed the determinant of the Fibonacci-Lucas quasi-
cyclic matrices in [12]. Circulant matrices with Fibonacci and Lucas numbers are discussed and
their explicit determinants and inverses are proposed in [13]. The authors provided determinants and
inverses of circulant matrices with Jacobsthal and Jacobsthal-Lucas numbers in [14]. The explicit
determinants of circulant and left circulant matrices including Tribonacci numbers and generalized
Lucas numbers are shown based on Tribonacci numbers and generalized Lucas numbers in [15].
In [16], circulant type matrices with the k-Fibonacci and k-Lucas numbers are considered and
the explicit determinants and inverse matrices are presented by constructing the transformation
matrices. Jiang et al. [17] gave the invertibility of circulant type matrices with the sum and
product of Fibonacci and Lucas numbers and provided the determinants and the inverses of these
matrices. And for the RSFPLR circulant matrices and the RSLPFL circulant matrices involving
Padovan, Perrin, Tribonacci and the generalized Lucas numbers by the inverse factorization of
polynomial in [18]. It should be noted that Jiang and Zhou [19] obtained the explicit formula
for spectral norm of an r-circulant matrix whose entries in the first row are alternately positive
and negative, and the authors [20] investigated explicit formulas of spectral norms for g-circulant
matrices with Fibonacci and Lucas numbers. The authors [21] proposed the invertibility criterium
of the generalized Lucas skew circulant type matrices and provided their determinants and the
inverse matrices. Furthermore, in [22] the determinants and inverses are discussed and evaluated
for Tribonacci skew circulant type matrices.

In this paper, we will show the recursive formulas of determinants and inverses of the Fibonacci
skew symmetric Toeplitz matrices involving Fibonacci numbers, and Lucas skew symmetric Toeplitz
matrices involving Lucas numbers.

Here the Fibonacci and Lucas sequences are defined by the following recursion relations, respectively:
Fn+1 = Fn + Fn—l (n 2 1) where Fo = O, Fl = 1,
Lpnti = Lpn + Lpoi (n>=21) where Lo=2, L;=1.

Definition 1.1. An n x n Fibonacci skew symmetric Toeplitz matrix is meant a square matrix of
the form as
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0 F F; Fn1 P
—F 0 I3 Fno Fn
—F3 —F2 0 e Fn—S Fn—2
TFn = ’ (11)
—Fn1 —Fho —Fnh3 - 0 F
_Fn _Fn—l _Fn—2 _F2 0 nxn
where F», F3,---, F), are the Fibonacci numbers.
Obviously, this matrix is completely determined by its first row, and T;ﬂ =-Tp,.

Definition 1.2. An n x n Lucas skew symmetric Toeplitz matrix is meant a square matrix of the
form as

0 L2 L3 M Ln—l Ln
—Ls 0 Lo Ly Ln-
—L3 _L2 0 e Ln73 Ln72
TLn = . . . . . . ) (12)
_Ln—l _Ln—2 _Ln—3 et 0 L2
7Ln 7Ln71 7Ln72 e 7L2 0 nxn
where L2, Ls,---, L, are the Lucas numbers.
Obviously, this matrix is completely determined by its first row, and Tgn =-T.,.
Lemma 1.1. Assume that a1, - ,an are all positive integers, then the matriz W1 and W1_1 are
of the forms as
o1 0 B 0] b1 0 el o0
Qo o1 B2 b1
Wl = 5 W171 = I
Qn_1 .. Bn_1 R
Qn Qn—1 - Q2 (a1 nxn Bn Bn-1 --- B2 B nxn
where
(—1)'"'p: S 1Yo
Bi= P pi=1, pr=as, pi=aopio+ Y (~1)easapiong, (i=3,4,5, ,n).
(on)? o

2 Determinant and Inverse of the Fibonacci Skew
Symmetric Toeplitz Matrix

In this section, we will give the determinant and the inverse of the matrix Tr, .

As we know that if n is an odd number, the determinant of an n-dimension skew symmetric matrix
is zero. So in this section we always assume that n is an even number.

Theorem 2.1. Let Tr, be a Fibonacci skew symmetric Toeplitz matriz as the form of (1.1), we
have

det Tr, = Fylai det Co([bi]1 =5, —1,—1,0,1,1) — by det Do ([Fi)i—r_1, —1,—1,0,1,1)]  (2.1)
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where

Cn—a([bi]i =, —1,-1,0,1,1) =

by by b4 cor bpes bn_a bn_i
2 1 0 0
3 2 1

-1 -1 o0 1 1 ,
0
0 - -~ 0 -1 -1 0 1 U ) o)
D”*Q([Fi]§=n—la 71, 71707 1? 1) =
Fn—l Fn—2 Fn—S F4 FS F2
3 2 1
-1 0 1 1
-1 -1 0 11 ,
0

o
[a]
I
—_
[
_ .
[a]
—
—

(n—2)x (n—2)

[bl}?;Zl = b27b37' t 7bnfl; [Fi]?:n—l = anlaan% Tt >F27

n—2 n—4
. . Frn_i—1Fn—1 n—1
ay = ; Fz+2yn7271, bl - ;( Fn7172 + Fn )ynfzfl + Fn Y2 + Y1,
F,_ F;F,_ .
=7 S b= i’1+F71’ (=34, ,n—1), y1=1 ys =93, y3s+2y2+3=0,
i—3
Yi = =21 — 3yi—2 — »_2Fj oy joa, (i=4,5,6,---,n—1),
j=1
det C;([b:]i%5, =1, -1,0,1,1) =
(=1)7 b1 det £5-1(—1,-1,0,1,1) + det C;_1([b:])_y, —1,—1,0,1, 1), (2.2)
det D; ([Filizj1, —1,—1,0,1,1) =
(=1 Fo_jdet &-1(—1,-1,0,1,1) + det D;_1 ([Fi]i=; 11, —1,—1,0,1,1), (2.3)
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g(-1,-1,01,1)=| + L 0 Lo : ,
0
0 - - 0 -1 -1 0 1/
det &(~1,-1,0,1,1) = det &a(~1,~1,0,1,1) — det & —5(—1,~1,0,1, 1) + det &-1(~1, ~1,0,1,1),
(i =5,6,--- ,n —3), (2.4)
det&(~1,-1,0,1,1) =2, det &(~1,~1,0,1,1) = 1, (2.5)
det&(~1,-1,0,1,1) =0, det&(~1,-1,0,1,1) = —L. (2.6)

Proof. Let T, be an n X n Fibonacci skew symmetric Toeplitz matrix. In the case n > 4, let

1 0 1 0

1 yn—l 1

1 Fn_1 Yn—2 1
Fr, Un_s 1
1 1 -1 n-
Ar= 11 -1 » Br= :
A Y3 1
1 1 -1 Yo 1

01 1 -1 Y1

be two n X m matrices, which are invertible. And

i—3

—2y171 — 3yi72 — ZQFjJrgyifjfg (Z = 4, 5,67 e, — 1).

Jj=1

yi=1, ys=v3, Ys+2y2+3=0,y; =

Multiplying Tr, by A from the left, then multiplying B; from the right, we obtain

Ai1Tg, B =

O al
*Fn a2
0 b1
0

0 0

Fn—l
—F
b

2F;
Fy
2F3

2F,

2Fn74
2Fn—3

Fn—2
—F
b3

Fy
2F,
Fy
2F3

2Fn75
2Fn—4

Fn—3

.y )

b
0

2Fn76
2Fn—5

Fy Fs Fy
—L'n-3 —In-2 7Fn71
bn73 bn72 bnfl

0
2F, I 0
Fy 2F, Fi
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where

n—2 n—3
a1 = g Fiioyn—i—1, a2=— g Fn i 1yn—i-1,
=0 i=0

n—4
Fn i 1Fn 1 Fn_1
b1 = E —Fn i o+ ——m——)Yn—i— )
1 Z.:O( 2+ . )y 1+ 28 Y2 + 11
F_ FiF,— .
by = ;"n17 bj=—-Fi—1+ ZF: 17(123747"'7”’_1)

and from the last matrix we can easily get,

det(.AlTFnlgl) = F,, det Mnfl((ll, [Fiﬁ:n—lv [bi]?:11)7

where

Mnfl(ah [Fi]?:nfb [bi}n71

i=1) =

ar Fn1 Fhno Fn_3 - Fy F3 Fy
b1 b2 bs ba brn-z bn_2 bn_1
0 2F, Fy 0 0
: Fy 2F,

2F3 Fy

2F, 2F3

2F,_4 2F,_5 2F,_¢ --- e 26 Fy 0

0 2F,_3 2F,4 2F,_5 --- ce Fy 2F5 F

(n—1)x(n—1)
In order to simply compute the determinant of M,_1 (a1, [Fi]?—,_1, [b:]7="), we apply methods of

elementary row transformation to this matrix, then we can obtain M,/L,l(al, [Filio 1, b)), it
is of the form as,

’

Mnfl(ah [Fi]?:nfb [bz}zn:_ll =

a1 Fno1 Fh_2 Fh_3 Fy F3 F>
b1 b2 b3 ba bz bn—a bn—1
0 2 1 0 0
: 3 2 1
-1 0 1 1
-1 —1 0 1 1 ’
0
0
0 0 0 -1 -1 0 1 1
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then we can obtain
det M, (ar, [Pz, [0]7)) =
a1 det C"—Q([bi}?:_;a _17 _17 07 17 1) —bidet Dn—Q([Fi]?:nflv _17 _17 07 17 1)7

where Cp—a([bi]}=,, —1,—1,0,1,1) and Dn_2([b;]}=,, —1,—1,0,1,1) are the forms as in the
interpretation of Theorem 2.1.

To obtain determinants of matrices Cr—2([b:]75', —1, —1,0,1,1) and Dp_2([Fi]7—,,_1, —1,—1,0,1,1),
develop them in accordance with the last column, and in turn it, we can get recursive formulas (2.2)-
(2.6). And observe that

(n71)2 (n—2)

det A1 = det B = (—1)77

we can obtain det Tr, , which completes the proof. O

Theorem 2.2. Let Tp, be a Fibonacci skew symmetric Toeplitz matriz as the form of (1.1). If

TF, is a nonsingular matriz, then
0 P12 P13 P14 Pln—1 Pin
—pi12 0 P23 P24 P2.n—1  Pln—1
—p13 —p23 0 P3,4 P2n—2 Pln—2
T;l _ —p14 —p24 —pP3,4 0 e P2,n—3 Pln—3 7 (2.7)
—Pin—-1 —P2n-1 —P2n-2 —P2,n-3 0 P12
—Pi,n —P1n-1 —Pln-2 —Plnu-3 *°° —p12 0

that is to say T;i is skew symmetric about diagonal and symmetric about secondary diagonal as
well, where

F,_
p12 = O1in, P13 = O1,n—1 + 01n, P23 = 62,n—1 + 02n, pPin = 611 — z 1(513 — O14,

F,

Pmj = 6m,n+27j + 6m,n+37j - 5m,n+47j7 (m =12, ,n;J = 4,5,-+,m— 1),

1 d d n—3 n—3

- _ = -4 - % e - ! , o - ...
011 = Fn, 012 = 0417 013 = 0 + ;dw&fz, 61] = d277]—3 + ;dﬂr?U%J*i’u (] = 4757 7”)7
6771«1:07 (m:2737"'7n)7 6WL2:M7 (m:2737"'7n)7
ai

€2y n—3

2Yn+1—m 4 ’
6m3 = Zdntlom + Z ei+2yn+1—m£i +€nflfma (m = 2737 T 7”)7

El i=1
, n—3
6mj = €2Yn+1-mT)j—3 + Z €it2Yn+1-m0i,j—3 + On—1—m,j—3, (m = 2, 37 Ty .7 = 47 57 T ,’I’L),
=1
az —aoFh_ip1 —anFy . —Frn_it1 .

di = — d’L: ) :257"'7 717 = T :27 P 717
=5 o (i 3 n—1), e o (¢ 3 n—1)

b _
b= _(Tl w1 by — VAW UL, Ur = (2F, Fy, 2Fs, -+ ,2F, 4,2F, 3)",

1

b b b b
Vi=(——Fpo+by,——Fps34bs,-,——F3+byo,——Fs +by_1),

al al al al

—1_ (-3 - Bi—jt1, 27, . o i1
Wl - (a’h])z,g:h Qi j = { O, i<j, (7’7] - 1721 ) T 3)7 ﬁl - ( 1) pi,
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i—2
pr=1, pp=2, pi=2pi1—3pia+» (~1)'2Fu1pij-1, (i=3,4,5--- ,n—3),
j=2
’ 1 / 1
Nm = — 7 1Nm, (m: 1727"' ,?’L—3), gm:_igmv (m:172>"' ,TL—?)),
[1 gl
n—3 b
1
Nm = Z:(_;l n—1—i b’i+2)18i+1f’mv (m = 1127' N = 3)7
m—2
G =281, &=28+3B1, &m=2Bm+3Bm 1+ P Bm1i-2Fit2, (m=3,4,--- ,n-3),
=1

1 ..
oij = Bi—j+1+ RS (4,7 =1,2,--,n—3),
ai, az, bi, yi, (1=1,2,---,n—1) are the same as in Theorem 2.1.

Proof. Let Az and Bz be two n X n invertible matrices, defined by

0 1
1
|
al
-A2 - 1 )
1
1
nxn
1 dl d2 d3 Tt dn—2 dn—l
1 e2 es €n—2 €n—1
1
By = ,
1
nxn
where dy = 22 d; = —%2fnoipizeali b0 Zihoibl (G —93 ... p—1)
F,° (3 aan k) 7 a bl ] ) N

Let A; and By be as in the proof of Theorem 2.1, multiplying A1 Tp, B1 by Az from the left
and by B from the right, we obtain

A2 A1 TR, B1B2
_F, 0 0 o o o o 0
0 0 . . . . 0
0 0 —% n—1+ b2 —% n—2 + b3 _%FS"'ban —%Fz +bn—1
2F5 i 0 e e 0
= : F4 2F2 . . ,
2F3 F4
0 0 2F,_3 2Fn_4 Fy 2F, F1
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this matrix admits a block partition of the form as
A2 A1 Tr,Bi1B2 =N &R,

where N @ R is the direct sum of N and R. N = diag(—F’,, a1) is a nonsingular diagonal matrix,

—% n—1+ b2 —% n—2 + b3 —% n—3+bs - —%Fs—an_z —%F2+bn_1
2F5 Fy 0 . 0
Fy 2F5 1
R =
2F3 Fy 2F5
: : : ) . 0
2F,_3 2Fn_4 2F,_5 cee 2F, F
Let A = As.A; and B = B1 B2, we can get,
T =BN"'eoR )4,
where
0 0 0 1
1 0 0 0
b . e F,_
T SR s
0 1 1 -1
A= ,
0
0 1 1 —1
0 1 1 -1 0 0
and
1 d da ds dn—3 dn—2 dn—1
0 Yyn-1 e€2Yyn-1 e3Yn—1  *°* en—3Yn—1 en—2Yn—1 en—1Yn—1 +1
0 Yn—2 e2Yn—2 e3Yn—2 - en—3Yn—2 en—2Yn—2 +1 €n—1Yn—2
5 0 Yn—3 €2Yn—3 €e3Yn—3 °° €en—3Yn—3+1 en—2Yn—3 en—1Yn—3
0 ys €293 esys +1 --- €n—3Y3 €n—2Y3 en—1Y3
0 Y2 eay2 + 1 es3ly2 s €n—3Y2 En—2Y2 En—1Y2
0 wn €2 €3 en—3 en—2 en—1

Observe that the inverse matrix of N is of the form as,
N~' =diag(—F, ", ai").

b
—afhat+be W

Let R =
¢ ( U Wi

) be an (n — 2) X (n — 2) matrix, where Uy = (2F, Fy,2F3,-- -,
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2F,_4,2F,-3)T, Vi = (—(% n—2 + b3, —%ans + b4y, —%F2 +bn_1),
Fy
2F, Fy
Fy 2F, Fy
- 7
oF, s S R
2Fn_4 2F,_5 --- 2F3 Fy 2Fy; Fi

as F1 =1, so W1 is an invertible matrix. Use Lemma 1.1 we can obtain the inverse matrix of W7,
Wit = (ai,j)?’;jl, as in the interpretation of Theorem 2.2.

Use Lemma 5 in [23], we obtain,

-1
R_1: 1 i—l _%VIWI y
—&Wt

Wi+ Wt viw !

where (1 = 72—1 n_1+ b — V1W1_1U1, and simply we can get (N @ R)fl,
_}% 0 0 0 0 oo 0 0
0 a—ll 0 0 0 cee e 0 0
0 0 % Uit T2 Nn—4 Mn—3
0 0 &1 o11 012 O1,n—4 O1,n—3
(Na R)*1 = 0 0 & o21 022 O2,n—4 02,n—3
0 0 &3 031 032 O3,n—4 03,n—3
0 0 f;—4 On—4,1 On—4,2 On—4,n—4 On—4,n—3
0 0 §n73 On—3,1 On-3,2 On—-3,n—4 On—-3n-3
then multiplying (N @ R) ™! by B from the left, we can obtain
011 012 013 01,n—1 01,n
021 d22 023 02,n—1 02,n
. 031 032 033 03,n—1 03,n
BIN®R) = .
67171,1 577,71,2 671,71,3 577,71,77,71 677,71,71,
5n,1 6n,2 6n,3 6n,n71 6n,n
In the end, we can obtain T;i,
T =B(NaoR) 'A=
0 P12 P13 P14 Pln—1 Pin
—p12 0 P23 P24 P2,n—1  Pln-1
—p13 —p23 0 P3,4 P2.n—2  Plin—2
—pi4 —p24 —p3,4 0 P2,n—3 Pln—3 ,
—Pln—1 —P2na-1 —P2n-2 —P2n-3 *°* 0 P12
—P1,n —Plnu—1 —Pln-2 —Plin-3 —p12 0

10
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where

anl
F,
pmj = Omnt2—j + Omnt3—j — Omnta—j, (M=1,2,--+ n;j=4,5--- ,n—1),

p12 = 01in, P13 = O01,n—1 + 0in, P23 =02,n—1 + d2n, Pin =011 — 013 — 014,

which completes the proof. O

3 Determinant and Inverse of the Lucas Skew Symmetric
Toeplitz Matrix

In this section, we will give the determinant and the inverse of the matrix Tr,,. And in this section
we always assume that n is an even number, as well.

Theorem 3.1. Let T, be a Lucas skew symmetric Toeplitz matriz as the form of (1.2), we have

det Ty, =Ln[a1 det Coo([bi]! =5, —1,—5,0,5,1) — by det Dy—o([Li]i=p_1, —1,—5,0,5,1)]  (3.1)

where
= = L L 3L
~ 7 n—t—14Ln—1 n—1
ay = ZZ:; Liyoxn_i—1, b1 = ;(—Lnfifg + T)l‘nfifl + L, T2 + 321,
~ Ly ~ LiL,_ .
b2:3L 1, bi=—L;_1+ i3 17(7,:374,”-777,—1)7 1 =1, iEg:l'%, z3 + 6x2 +7 =0,
1—3
T; = —6xi—1 — TTi—2 — Z2Lj+2f13i—j—2, (1 =4,5,6,--- ,n—1),
j=1
Cn—2([bi]}=5", —1,-5,0,5,1) =
52 53 54 En—S lN)n—Q Bn—l
6 1 0 0
7 6 1
-5 0 5 1
-1 -5 0 5 1 »
0
0 0 —1 —5 0 5 1

(n—2)x (n—2)

11
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157172([[/75]12:7171’ _17 _57 0> 57 1) =

Lnfl Ln72 Ln73 L4 LB LQ

7 6 1

-5 0 5 1

-1 -5 0 5 1 ,
0

0 0O -1 -5 0 5 1

(n—2)x(n—2)

[51]?;21 - 827 637 T 75’ﬂ*1; [Li]zz:n—l = Lnflv Ln727 T 7L27
det é]([éz}zi;a _1a _5707 5? 1) =
(=11 det &1 (—1,-5,0,5,1) + det Cj—1([bs))—_y, —1, —5,0,5, 1), (3.2)

det ﬁj([l/i]?:j-i,—la -1,-5,0,5,1) =

(=1 Ly_jdet&-1(~1,-5,0,5,1) + det D;_1 ([Lil3=; 1, —1,—5,0,5,1), (3.3)
6 1 0 P
76 1
-5 0 5 1

£.(-1,-5,0,5,1) = - : ,

0
0
: - . . . .1
o -+ - 0 -1 -5 0 5/
1X1
det £;(—1,-5,0,5,1) = det & _4(—1,-5,0,5,1) —5det & _3(—1,—5,0,5,1) + 5det & _1(—1,—-5,0,5,1),
(7;:5,6,"',71—3), (34)
det £,(—1,-5,0,5,1) = 6, det £2(—1,-5,0,5,1) = 29, (3.5)
det &(—1,—-5,0,5,1) = 140,  det E4(—1,—5,0,5,1) = 671. (3.6)

12
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Proof. Let Tpr, be an n x n Lucas skew symmetric Toeplitz matrix. In the case n > 4, let

1 0
1
1 e
1 1 -1
P = 11 -1 ’
1 1 -1
0 1 1 -1
1 0 0
Tn—1 1
Tn—2 1
Ln—-3 1
\111: . . )
X3 1
) 1
1

be two n X n matrices, which are invertible. And
i-3

T =1, x3= x%, 3+ 6x2+7=0, z,=—6x;—1 — Tri—2— ZQLJ'.;.QQZI'_J'_Q (Z =4,56,---,n— 1).
j=1

Multiplying Tz, by ®1 from the left, then multiplying ¥, from the right, we obtain

0 ar Lp-1 Lp—2 Lp-3 --- e Ly L3 Ly
—Ln, a2 —Lo —L3 —Ly - coo —Lp-3 —Lp2 —Lnp
0 b1 b2 bs ba e e bn—3 brn—2 brn—1
0 2L, L 0 0
Ly 2L,
O, Ty, Uy = s
P T 213 Ly
2L4 2L3
: . 2Lp_4 2Ln,_5 2L,_¢ ~--- ce. 2L, L1 0
0 0 2Ln_3 2Lp_4 2L,_5 --- cee Ly 214 L1
where

n—2 n—3
ar = E Livoxn—i—1, a2 =— E Lp—i—1Tn—i-1,
i=0 =0

n—4

- Lp_i—1L,_ 3Ln—
by = Z(_Ln—i72 + %)xn—i—l + I S22 + 31,
i=0 " "

13
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7 3Ln—1 7 LiLnfl .
= i = i— ) — 9 E T, 1
bo I, s b Li_1+ I, (Z 3,4 n )

and from the last matrix we can easily obtain,

det(®1Tr, ¥1) = Ly det My (a1, [Lili—n_1, [b:]157),

where

My_1(a1, [Lii—p_1, b)) =

a1 Lpn-1 Lp—2 Lp-3z --- Ly L3 Lo
bl bg b3 b4 et bn—s bn—2 bn—l
0 2L L 0 A . 0
Ly 2L, :
2L3 Ly
2L4 2L3
: : : ) ) ) ) 0
0 2Lp_3 2Lp_4 - e La 2L, Ly (n—1)x(n—1)

We apply methods of elemg{ltary row transformation to this matrix for computing the determinant
of it, thus we can obtain M, _1 (a1, [L:]?=n_1, [bs]7=1), it is of the form as,

~ 1

Mnfl(a‘la [Li}zzznfh [Bl]?:_ll) =

al Ln—l Ln72 Ln73
b1 ba b3 ba bn—3z bpn—2 bpn_—1
6 1 0 .- 0
7 6 1
-5 0 5 1
—1 -5 0 5 1 ’
0
0 0 cee cee 0 -1 =5 0 5 1

so we can obtain

det M, (@, [Lilen -1, B =
5/1 det én—Q([I;i}?:_;y _17 _57 07 57 1) - Bl det ﬁn—2([Li}$:n—17 _1, _57 07 ‘57 1)7

where énfg([i)i]?:_;, —1,-5,0,5,1) and ﬁnfg([Li]f:n,l, —1,-5,0,5,1) are the forms as in the
interpretation of Theorem 3.1.

14
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To obtain determinants of matrices Cn—2([bi];=,', —1,=5,0,5,1) and Dn—2([Li]i=,—1,—1,-5,0,5, 1),
develop them in accordance with the last column, and in turn it, we can get recursive formulas (3.2)-
(3.6). And observe that O

(n=1)(n—2)
det @1 = det U1 = (—1) 2 ,
so we can get det Tz, which completes the proof.

Theorem 3.2. Let Tr, be a Lucas skew symmetric Toeplitz matriz as the form of (1.2). If Ty,
is a nonsingular matrix, then

0 P12 P13 P14 s Pln—1 Pin
—p12 0 P23 P24 s P2n—1 Pla—1
—p13 —p23 0 P34 ceo Pap—2  Pln—2
T, = —P14 — P24 P34 0 o Pn=3 Pim-s (3.7)
—Plin—-1 —P2,n—1 —P2n—2 —P2,n-3 -°* 0 P12
_ﬁl,n _ﬁl,n—l _ﬁl,n—Q _ﬁl,n—f’) Tt _ﬁ12 O

that is to say T;}L is skew symmetric about diagonal and also symmetric about secondary diagonal,
where

- = - < < - = = - < Ly < =
p12 = 61in, P13 = O1,n—1 + O1n, P23 = 02,n—1 + 02n, Pin = 611 — nol 013 — 014,

Pmj = 5m,n+2—j + gm,n+3—j - Sm,n+4—j7 (m =12,---,m5=4,5-,n— 1)7
1 d‘ d‘ n—3 n—3
N < 1 N 2
o011 = I 012 = a0 013 = ) +Zdz+2€“ b1 —d277] 3+;d1+20” 3, (1=4,5,---,n),
gml:oa (m:273a”'7n)a sz:mv (m:2a37"'vn)?
ai
5 ot n—3
6m3 = W +Z€z+2mn+1 mfz +£n 1—m>» (m: 2735"' 7”)7
1 =1
~ ’ n-3
(Smj = é2l‘n+1—m7~]j73 + Z éi+2$€n+1—m&i,j—3 + a'n—l—m,j—3» (m = 2737 Ty .7 = 47 57 t 7”)7
=1
5 az 5 —GeLpy1-i—a1l; . . —Lpy1-i .
di = — d’L: =~ ’ :2537"'5 717 ) :2537"'5 717
=2, sl ne1), E= T 1)
- b RS
b = f—an 14 by — ViWy 1U1, Up = (2L2,L4,2L3,- - 72Ln—4:2Ln—3)T
- E - b - b - b -
1= (_%Ln—2 + b37 _%Ln—S + b47 e 7_~71L3 + bn_27 _~71L2 + bn—1)7
al al ai ai
= 1 -~ \n—3 - Bi—' , =7, . 5 i1~
Wy = (ai,j)i,j:h Qi,j = { 6’+1 i< ‘;-7 (Zvj =12 ,n— 3)7 52 = (_1) pi,
1—2
p1=1, p2=6, pi=6pi—1— Tpi— 2+Z 2LJ+1pZ Jj—1 (7;2374757"'7”_3)’
j=2

15
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’ 1 ~ -
ﬁ’m:_iﬁmd (m:1727"'7n_3)7 Em:_Té-md (m:1727 ,7’7,—3),
1 l1
n—3 B

~ 1 ¥ =~

m = 7TLn7 7'L+bz i+1—m, m:1527 '771,73,
7 i:Z( ) 1 +2)Bit1 ( )

5 5 5 5 5 5 B B m—2 B

§1=0601, & =002+ 701, &n =068m + "Bm+1+ Zﬂm+1—i'2Li+27 (m=3,4,---,n—=3),

=1
- = 1. .
Oi,j = ﬁi—]'+3 + ?fin]ﬁ (27] = 1727 T — 3)7
1
i, as, b, i, (i=1,2,---,n—1) are the same as in Theorem 3.1

Proof. Let ®3 and Y2 be two n X n invertible matrices, defined by

0 1 1 d~1 JQ d~5 ot dn—Q dn—l

1 1 éz éS e én72 énfl
—hoo 1 !

ay

@2 = 1 5 \IIQ = I
1
1
1

gy = —Imtloi (7=23... n—1).

where d~1 = Zi, JZ — *(_lQLn;*llE:*dlLi’ 8 = =
Let ®; and ¥; be as in the proof of Theorem 3.1, multiplying ®; Tz, V1 by ®2 from the left

and by ¥, from the right, we obtain

By®, Ty, U0,
L. 0 0 . e 0
0 & 0 T . . RS 0
0 0 7%Ln71+52 *% n—2 +bs 7%L3+8n72 7%L2+’6n71
: : 2L9 L1 0 0
B P La 2L,
2Ls Ly .
: : : : B 0
0 0 2L, _3 204 Ly 2L, L1

this matrix admits a block partition of the form as

Oy®, Ty, ¥, W =NaR,
where N @ R is the direct sum of N and R, N = diag(—Ln, a1) is a nonsingular diagonal matrix,

16
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and
—%an + b —% -2+ b3 _%Ln—li +by oo —%l@ + oo —%L2+l~>n—1
2L, Ly 0 0 0
A Ly 2L, Ly
2L3 L4 2L2
. . : . T 0
2L,_3 2Ln—4 2L, 5 2L2 Ly

Let & = &3P and ¥ = ¥V, we can get,

T, =v(N"'oR o,

where

0 0 0 1

1 0 0 0

; L

21 _ftn-1
ay 1 Ly
0 1 1 —1
o = ,
0
1 1 -1
0 1 1 -1 0 0
and
1 ds da ds dn—3 dn—2 dn—1
0 Zn-1 E2Tn-1 €3Tp—1 - €n—3Tn—1 €n—2Tn—1 €n—1Tn-1+1
0 ZTn—2 €E2Tn—2 €3Tp—2 - €n—3Tn—2 €n—2Tn—2+1 €n—1Tn—2
0 Zn_3 €2Tn-3 €3Tn—3 °° €n_3Tp-3+1 €n—2Tn—_3 €n—1Tn—3
v = .

0 =x3 €273 ésrxs+1 --- €n—3T3 €n—23 €n—173
0 2 éxra + 1 €3T2 e €n—3T2 €n—2T2 €n—1T2
0 = €271 €31 €n—3T1 €n—2T1 €n—1T1

Observe that the inverse matrix of N is of the form as,

N~ = diag(—L,", a; ).

- _bh b ¥, N
Let R = ( &1L“0‘1 +b2 %//1 > be an (n —2) x (n — 2) matrix, where Uy = (2La, L4, 2L3, - - - ,
1 1

17
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2Ln74,2Ln73)T7 ‘71 :(_% 71,72"1‘537_% n73+g47'” 7_%L2+Bn71)7
Ly
2L, Ly
Ly 2L, Ly
Wl — 2L3 ,
2L, _5 . . . c.
2Lp—4 2Lp—5 -+ 2L3 Lis 2Ly I,

as L1 =1, so W, is an invertible matrix. Use Lemma 1.1 we can obtain the inverse matrix of Wi,
Wt = (di’j)z‘;jl, as in the interpretation of Theorem 3.2.

Use Lemma 5 in [23], we obtain,
1 A7yt
R™'= 1 n 177 Tr—1 flyﬂ/}/{ r 157—1 y
_Zwl_ Ul Wl_ + ZWI_ U1V1W1_

where 1 = —%Ln_l +by — f/lVVflﬁl, and simply we can get (N@R)™!,

- 0 0 0 0 0 0
0 = 0 0 0 0 0
L ’ 7 7 7
0 0 é ﬁl T2 Nn—4a Nn—3
0 0 &1 011 012 O1,n—a 01,n—3
(N o ﬁ)*l — 0 0 &2 021 022 ERIEEY 02,n—4 02,n—3 ,
0 0 &3 031 032 EEIEER 03,n—4 03,n—3
0 0 51-4 On—4,1 On—42 **+ +*** On—4n-4 On—4n-3
0 0 &,.3 On-31 Op-32 -+ -+ On-3n-4 On—3n-3
then multiplying (N & R)™! by ¥ from the left, we can get,
§11 §12 §13 §1,n71 §1,n
021 022 023 02,n-1 d2.n
- - 031 032 033 e 03,n—1 03,n
YNoR) ™" = 4
Srﬁ—l,l SE—I,Q 571—1,3 SQ—I,n—l Sn—l,n
571,,1 671,2 577.,3 6n,n71 671,77,
In the end, we can obtain Tzi,
0 P12 P13 P14 o Pla—1 Pin
—p12 0 P23 P24 oo P2n—1 Plin—1
—p13 —p23 0 P34 ceo Pam—2  Plin—2
Tzl _ \II(N ® f{)*lq) _ — P14 —p24 —P3,4 0 ceo P2,m—3 Plin-3 7
—Pljn—1 —P2n-1 —P2n-2 —P2n-3 "°* 0 P12
_ﬁln _ﬁl,n—l _ﬁl,n—2 _ﬁl,n—S e _512

18
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where

o L
P12 = 01n, P13 = O1,n—1 + 01n, P23 = O2,n—1 + 02n, Pin = 011 — T 1513—514,

ﬁ’mj = Sm,”‘i’?*j + gm,n+37j - 5m,n+47j7 (m = 17 25 e 7”3] = 47 57 N — 1)7

which completes the proof. O

4 Numerical Example

In this section, an example demonstrates the method introduced above for the calculation of
determinant and inverse of the Fibonacci skew symmetric Toeplitz matrix. Here we consider a
6 x 6 matrix:

0o 1 2 3 5 8
-1 0 1 2 3 5
2 -1 0 1 2 3
Tre=1 3 9 1 0 1 2
-5 -3 -2 -1 0 1
-8 -5 -3 -2 -1 0

6x6

Use the corresponding formulas in Theorem 2.1, we get a1 = 1++v/2i, by = — % and from (2.2), (2.3)
we can obtain

detc‘l([b’i]?:Qa _13 _130717 1) = 07 dEtlD4([Fi]?:57_17 _130a 171) = 13
from (2.1), we obtain
det Try = Fs[ar det Ca([bi]—2, —1,—1,0,1,1) — by det Da([Fi)i=s, —1,—1,0,1,1)]
=1

As the inverse calculation, use the corresponding formulas in Theorem 2.2, we get p12 = 0, pi3 =
=1, pra=2, pis = -1, pi6 =0, p2z =1, paa = =3, pa5s =3, p3a =0, so we can get

0 o -1 2 -1 0
0 0 1 -3 3 -1
1

-1
Tr =

5 Conclusion

In this paper, by constructing the special transformation matrices we give the determinant and
inverse of the Fibonacci skew symmetric Toeplitz matrix in section 2, and give the determinant and
inverse of the Lucas skew symmetric Toeplitz matrix in section 3.
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