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Abstract

In this paper, the notion of intuitionistic generalised pre-regular continuity is introduced. Also
intuitionistic generalised pre-regular compactness is defined in intuitionistic topological spaces
and several preservation properties are obtained. Moreover, some properties of intuitionistic

generalised pre-regular continuity are outlined.
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1 Introduction

After the introduction of the concept of fuzzy set by Zadeh [1], Atanassov|2] proposed the concept
of intuitionistic fuzzy sets. Coker [3] introduced the concept of intuitionistic sets and intuitionistic
points in 1996 and intuitionistic fuzzy topological spaces[4] in 1997. Also in 2000,Coker [5] developed
the concept of intuitionistic topological spaces with intuitionistic sets and investigated basic properties
of continuous functions and compactness. Selma ozcag and Dogan Coker [6,7] also examined
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connectedness in intuitionistic topological spaces. Later, several researchers [8] studied some weak
forms of intuitionistic topological spaces. In this paper, we study some properties of intuitionistic
generalised pre-regular continuity and intuitionistic generalised pre-regular continuity compactness
in intuitionistic topological spaces.

1.1 Preliminaries

We recall some definitions and results which are useful for this sequel. Throughout the present
study, a space X means an intuitionistic topological space (X,7) and Y means an intuitionistic
topological space (Y, o) unless otherwise mentioned.

Definition 1.1. [3] Let X be a nonempty set. An intuitionistic set (IS for short) A is an object
having the form A = < X, A1, A2 >, where A; and Ay are subsets of X satisfying A1 N Ay = ¢.
The set A; is called the set of members of A, while A5 is called the set of non-members of A.

Definition 1.2. [3] Let X be a nonempty set and let A,B be intuitionistic sets in the form A =
< X,A1,As >, B =< X, By, By > respectively. Then

(a) ACBIiff Ay C By and A2 D Bs.
(b) A=Biff ACBandBCA.

() A=< X, Az, A1 >.

(d) A-B=ANB.

(e) ¢:<X,¢,X>,)N(=<X,X,¢>.
(f) AUB =< X,A; UBy, A2 N By >.
(g) ANB=<X,A1NB1,A2UB; >.
(h) [JA = < X, Ay, (A)° >.

(i) <>A =< X, (A2)°, Az >.

Furthermore, let {A; : ¢ € J} be an arbitrary family of intuitionistic sets in X, where A; =
< X, A§1>,AE2> >. Then
(G) N4 = < X,nAD uA® >,
(k) UAi = < x,uAdM na® >
Definition 1.3. [4,5] An intuitionistic topology ( IT for short ) on a nonempty set X is a family 7
of IS’s in X containing ¢, X and closed under finite infima and arbitrary suprema. The pair (X, 7)

is called an intuitionistic topological space (IT'S for short). Any intuitionistic set in 7 is known as
an intuitionistic open set (I0S for short) in X and the complement of I0S is called intuitionistic
closed set (IC'S for short).

Proposition 1.1. [5] Let (X, 7) be an ITS on X and A = < X, A1, A2 > be an IS in X. Then the
several intuitionistic topologies [(a), (b)] and general topologies [(c), (d)] generated by (X, T) are
(a) 701 ={[]JA: A€ T}
(0) 02 ={<>A:AeT1}
(0 1 ={A1:< X, A1, A2 >e 7}
(d) 72 ={(A2)° < X, A1, A >€ 7}
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Definition 1.4. [3] Let (X, 7) be an ITS and A = < X, A;, A2 > be an IS in X. Then the closure
and interior of an intuitionistic set A is defined as

Icl(A)= N {K: Kis an ICS in X and A C K}

Iint(A) = U {G:GisanI0OSin X and G C A}

It can be shown that Icl(A) is an ICS and Iint(A) is an IOS in X and A is an ICS in X iff
Icl(A)= A and is an I0S in X iff Iint(A) = A.

Definition 1.5. [3] Let X be a nonempty set and a € X. Then the IS a defined by a =<
X, {a},{a}® > is called an intuitionistic point (IP for short) in X. The inbuitionistic pomt a is
said to be contained in A = < X, A1, A2 > (i.e a € A) if and only if a € A;.

Definition 1.6. [9] Let (X, 7) be an ITS. An intuitionistic set A of X is said to be intuitionistic
regular open (intuitionistic regular closed ) if A = Iint(Icl(A)) (A = Icl(lint(A))).

Definition 1.7. [9] Let (X, 7) be an ITS and let A = < X, A1, A2 > be an intuitionistic set. Then
A is said to be intuitionistic generalized pre-regular closed (Igpr-closed) if Ipcl(A) C U whenever
A C U and U is intuitionistic regular open in X. The class of all Igpr-closed subsets of (X, 7) is
denoted by IGPRC(T).

The complement of intuitionistic generalized pre-regular closed sets are intuitionistic generalized
pre-regular open (Igpr-open) and the class of all Igpr-open subsets of (X, 7) is denoted by IGPRO(7).

Definition 1.8. [4] Let (X, 7) be a nonempty ITS and let A = < X, A1, A2 > be IS. Then A is
said to be

(i) intuitionistic regular generalized closed (Irg-closed) if Icl(A) C U whenever A C U and U is
intuitionistic regular open in X.

(ii) intuitionistic generalized « closed (Iga-closed) if Iacl(A) C U whenever A C U and U is
intuitionistic open in X.

Definition 1.9. [3] Let X,Y be two nonempty sets and f :X — Y be a function. (a) If B =
< X,Bi1,Bs > is an IS in Y, then the preimage of B under f, denoted by f~'(B),is the IS in X
defined by f~H(B) = < X, f~1(B1), f1(B2) >

(b)) If A = < X, A1, A2 > is an IS in X, then the image of A under f, denoted by f(A), is the IS in
Y defined by f(B) = < Y, f(A1), f(A2) >, where f(42) = (f((42)%))".

Definition 1.10. [3] Let (X, 7) and (Y, o) be two intuitionistic topological spaces and f :X — Y be
a function.Then f is said to be continuous iff the preimage of each ICS in Y is intuitionistic closed
in X.

Corollary 1.1. [4,5] Let A, A; (i€ J) be ISsin X, B, B; (j € K) be IS’sin Y and f: (X,7) —
(Y,0) be a function. Then

=[(A1) C f(A2), B1 C B = [7(B1) C f~'(B)

f(A)) and if f is injective, then A =f~1(f(A))

) C B and if f is surjective then f(f~*(B)) = B

=Uf(As); f(NA:) C Nf(As) and if fis injective then f(NA;) = Nf(A;)

=Uf'(Bi); f’l(ﬂBQQ N~ (Bi) -
ective then f(A) C f(A). Further if f is injective then f(A) = f(A)

-1
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Proposition 1.2. [5] The following statements are equivalent :

(a) f:(X,7) = (Y,0) is continuous.
(b) f~(int(B)) C int(f~*(B)) for each IS Bin Y
(c) c(ft(int(B))) C f~*(cl(B)) for each IS B in Y.

Definition 1.11. [6] If there exists an intuitionistic regular open set A in X such that ¢ # A #

X, then X is called super disconnected. X is called super connected, if X is not super disconnected.

2 Igpr-Continuity In Intuitionistic Topological Spaces

Definition 2.1. A mapping { : (X,7) — (Y, 0) is called intuitionistic generalised pre-regular
continuous (briefly Igpr-continuous) if the preimage of every intuitionistic closed set of Y is Igpr-
closed in X. i.e., (V) is Igpr-closed in (X, 7) for every intuitionistic closed set V of (Y, o) .

Theorem 2.1. A mapping [ : (X,7) — (Y,0) is Igpr-continuous iff the preimage of every
intuitionistic open set of Y is Igpr-open in X.

Proof. Let B= <Y, By, Ba > be an intuitionistic open set of Y. Then f~'(B®)= f~*(< Y, B2, B1 >
)=< X, f Y(B2), fH(B1) >. Also (f "(B)*=(f (< Y,B1,B: >)°= (< X, f " (B1), f "(B2) >
¥ =< X, f Y (B2), f1(B1) >. Since f7Y(B°) = (f~'(B))°, for every intuitionistic set B of
Y,f H(B°) is Igpr-closed in Y. So, f~*(B) is Igpr-open in X. Hence f is Igpr-continuous. The
converse part follows from the definition. O

Proposition 2.1. Let (X,7) and (Y,0) be two intuitionistic topological spaces. If f : (X, 70,1)
— (Y,00,1) and f: (X,70,2) — (Y, 00,2) are Igpr-continuous, then f: (X,7) — (Y, 0) is Igpr-
continuous.

Proof. Let B = < Y, By1,B2 > be an intuitionistic open set of Y. By hypothesis, f : (X, 70,1)
— (Y,00,1) and f: (X,70,2) — (Y, 00,2) are Igpr-continuous. So there exist an Igpr-open sets
FTULS Y, By, (B) >) = < X, f7H(B1), [7H(B1)° > in (X,70,1) and f7H(< Y, (B2)%, B2 >) =
< X, f7H(B2), f1(B2) > in (X,70,2). Since B2 C (B1)®and B1 C (B2)%, < X, f*(B1), f*(B2) >
C <X, f Y B), f 1 (B1)* >or <X, f1(B2) fH(Bz2) > Hence < X, f 1(B1),f *(B2) > is
Igpr-open in X and so { : (X,7) — (Y, 0) is Igpr-continuous. O

Proposition 2.2. Let (X, 7) and (Y,0) be two intuitionistic topological spaces. If f : (X,71) —
(Y,01) and f : (X,712) — (Y, 02) are gpr-continuous, then f: (X,7) — (Y, 0) is Igpr-continuous.

Proof. Similar to Proposition 2.1. O

Theorem 2.2. Let f: (X,7) — (Y, 0) be intuitionistic continuous. Then f is Igpr-continuous but
not conversely.

Proof. Let f: (X,7) — (Y, 0) be intuitionistic continuous and A be any intuitionistic closed set

in Y. Then the inverse image f~*(A) is intuitionistic closed in X. Since every intuitionistic closed
set is Igpr-closed, f 7' (A) is Igpr-closed in X. So f is Igpr-continuous. ]

Remark 2.1. The converse of the above Theorem 2.2 is not true as seen from the following Example.
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Example 2.3. Let X ={a, b, c} with intuitionistic topology 7 ={¢,< X, {a},{b} >,< X, {b},{c} >,<
X, {a,b},¢6 >, < X,$,{b,c} >,)~(} and Y ={1,2,3} with intuitignistic topology o ={¢,< Y,{1},{2, 3}
>,<Y,{2,3},6 >,< Y.6,{2} >.Y} . Define f: (X,7) — (Y,0) by f(a) = 1, f(b) = 2 and f(c)=
3. Then f: (X,7) — (Y, 0) is Igpr-continuous but not intuitionistic continuous. Also, f: (X, 71)

— (Y,ou), f :(X,;2) — (Y,02), f: (X,701) — (Y,001),f : (X,70,2) — (Y, 00,2) are Igpr-
continuous but f : (X, 1) — (Y,01), [: (X,70,1) — (Y, 00,1) are not intuitionistic continuous.

Proposition 2.3. Let f: (X,7) — (Y, 0) be Irg-continuous. Then f is Igpr-continuous.

Proof. Let B be intuitionistic closed in (Y, ). Since f is Irg-continuous, f~'(B) is Irg closed in
(X, 7). By the proposition 3.4 of [7], f~'(B) is Igpr-closed. Hence f is Igpr-continuous. O

Remark 2.2. The converse of the above proposition does not need to be true as seen from the
following example.

Example 2.4. Let X ={a,b,c} with intuitionistic topology v ={¢,X, A, B,C} where A = <

X, {c},{a,b} >, B =< X,{a},{b,c} > and C =< X,{a,c},{b} > and let Y ={1,2,3} with
intuitionistic topology o ={¢,P,Q,R,S,Y} where P = < Y,{1},{2} >, @ = < Y,{2},{3} >, R

=<Y,¢,{2,3} >, S =< Y, {1,2},¢ >. Define f: (X,7) — (Y,0) by f(a)= 1, f(b) = 3 and
f(e)= 2. Then fis Igpr-continuous but not Irg-continuous.

Proposition 2.4. Let f: (X,7) — (Y, 0) be lag-continuous. Then f is Igpr-continuous.

Proof. Let B be intuitionistic closed in (Y, o). Since f is Iag-continuous, f~*(B) is Iag-closed in
(X, 7). Since every closed set is Igpr-closed, f~!(B) is Igpr closed. Hence f is Igpr-continuous. [

Remark 2.3. The converse of the above proposition does not need to be true as seen from the
following example.

Example 2.5. Let X ={a,b,c} and 7 ={¢,A,B,C,D,E,F, X} where A = < X,¢,{a,b} >, B =

< X, {c},{a,b} >,C = < X,¢,{b,c} >, D =< X, {c},{b} > E =< X,{a,c}, {b} > and
=< X,¢,{b} > and let Y = {1,2,3} with intuitionistic topology o ={¢,P,Q,R,S,Y} where P

<Y, {1,2},{3} >, Q@ = <Y,{2,3},{1} > and R = < Y,{1,3},{2} >. Define f: (X,7) — (Y,0)
by f(a) = 1, f(b) = 2 and f(c)= 3. Then [ is Igpr-continuous but not Iag-continuous.

I =

Proposition 2.5. A mapping f : (X,7) — (Y,0) is Igpr-continuous if (X, T) is intuitionistic
super-connected.

Proof. If (X, 7) is intuitionistic super-connected, then the only intuitionistic regular open subsets
of (X,7) are ¢ and X which implies all the subsets of X are Igpr-closed. Hence the preimage of
every intuitionistic closed set of Y is Igpr-closed in X. O

Theorem 2.6. Let f: (X,7) — (Y,0) be Igpr-continuous. Then f(Igprcl(A)) C Icl(f(A)) for
every intuitionistic subset A of X.

Proof. Let A be an intuitionistic subset of X. Then Icl(f(A)) is intuitionistic closed in Y, o). Since
f is Igpr-continous , f~'(Icl(f(A))) is Igpr- closed in X. And A C f1(f(A) C fHIA(f(A)))
implies Igprcl(A) C Igprel(f~1(Icl(f(A)))) £~ (Icl(f(A))). Hence f(Igprcl(A)) C Icl( (A4). O

Definition 2.2. Let (X, 7) be an intuitionistic topological space then 7% =
{A C X/Igprcl(X —A) =X —A}
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Theorem 2.7. FEvery Igpr-closed set is intuitionistic closed iff T* = 7 holds.

Proof. Let A € 7*. Then Igprcl(X —A) =X —A. Since 7° = 7 every Igpr-closed set is intuitionistic
closed. The other part can be proved easily. O

Remark 2.4. If 7% = 7 in the intuitionistic topological space (X, 7), then intuitionistic continuity
and Igpr-continuity coincide.

Proof. Letf: (X,7) — (Y, 0) be Igpr-continuous. Then f~!(A) is Igpr-closed for every intuitionistic
closed set A of Y. Since 7* = 7 and by Theorem 2.7, f~'(A) is intuitionistic closed. Hence f is
intuitionistic continuous. O

Theorem 2.8. If IGPRO(X) forms a topology in intuitionistic space then 7* is also a topology.
Proof. Obvious O

Theorem 2.9. Consider the mapping f : (X,7") — (Y,0). Then the following statements are
equivalent.

(2) For every intuitionistic subset A of X, f(Igprcl(A)) C Icl(f(A)). (it) If T* is a topology, then
f: (X, 7%) — (Y, 0) is intuitionistic continuous.

Proof. (i) = (ii) : Let A be intuitionistic closed in (Y, o).

From (i),f(Igprel(f~1(A))) C Ic(f(f~1(A))) C Icl(A) = A. So Igprcl(f~'(A)) C f~1(A). Also
f7HA) C Igprcl(f~'(A)). Thus (f7'(A))° € 7* which implies f~*(A) is intuitionistic closed
in (X,7") . So f is intuitionistic continuous. (ii) = (i) : For every subset A of X, Icl(f(A))
is intuitionistic closed in (Y,¢). Then from (i), f~*(Icl(f(A))) is intuitionistic closed in 7*.
So, Igprel(f 1 (Iel(f(A)))) = f~(Icl(f(A))) which implies [(Igprel(f~L(cl(f(A))))) < Tel(f(A).
Since f is intuitionistic continuous, A C Icl(A) C Iel(f~*(f(A))) C f~(Icl(f(A))). Hence
F(Igprel(A)) C fIgprel(f~(cl(f(A))))) C Icl(f(A)). O

3 Igpr-Compactness In Intuitionistic Topological Spaces

Definition 3.1. Let (X, 7) be an intuitionistic topological space. If a family {< X, [EAONERORS
;i € A} of Igpr-open sets in X satisfies the condition U {< X, G;",G;® >;i € A} =X , then it is

called an Igpr-open cover of X.

A finite subfamily of an Igpr-open cover {< X, G, G:® >;i e J} of X,which is also an Igpr-open
cover of X is called a finite subcover of {< X, G:Y,G® >ie A}.

Definition 3.2. An intuitionistic topological space (X, 7) is said to be Igpr-compact iff each Igpr-
open cover has a finite subcover.

Definition 3.3. Let (X, 7) be an intuitionistic topological space and A be an IS in X. The family
{< X,G:M,G;® >;i € A} of Igpr-open sets in X is called a Igpr-open cover of A if A C U{<
X,G:M, G, >0 e A

Definition 3.4. An IS A = < X, A® A® > in an ITS (X, 7) is called Igpr-compact iff every
Igpr-open cover of A has a finite sub cover. Also we can define an IS A = < X, AW, A® > in
(X, 7) is Igpr-compact iff for each family G = {G; : ¢ € A} where G; = {< X, GEI), GP >:iie A}
of Igpr-open sets in X, AY C UieAGgl) and A® D UiEAGEQ), there exists a finite subfamily
{G;:i=1,2,...,n} of G such that AVC Ur ;G and A® D ur,G?.
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Proposition 3.1. Let (X, ) be an intuitionistic topological space. Then (X, T) is Igpr-compact iff
the ITS (X, 70,1) is Igpr-compact.

Proof. Neccesity: Let (X, 7) be Igpr-compact and consider an Igpr-open cover {[|G; : j € A} of X
in (X, 70,1). Since U([]G;) =X, we obtain UG;U = X and hence G§~2) Q(G;l))c = ﬁG;2> Q(UGEI))C
= ¢ = UG; =X. Since (X, 1) is Igpr-compact,there exists G1, Gz, ...... , Gy, such that _Ql Gi=X
which implies ‘Ql Ggl) = X and 61 GZ@) =¢. So (X, 70,1) is Igpr-compact.

Sufficiency: Su}gpose (X, 70,1) is Igpr-compact. Consider an Igpr-open cover {G; : j € A} of X in

(X, 7). Since U(G;) =X, we obtain UG;I) = X and hence D(G’;l))c =¢=> ﬂG;Q) Q(UGg.l))c =¢=

UG, =X. Since (X, 70,1) is Igpr-compact,there exists Gi1, Ga, ...... , Gy, such that _Ql[]Gi = X which

implies _61 Gl(-l) =Xand _ﬁl(Ggl))c =¢. Hence Ggl) C (Gl(-g))C =X :_61 Ggl) Q_r@]l(GEQ))C :>_r@11 G§2)
i= i= i= i= i=

=¢. Thus _Ql G;= X. So (X,r) is Igpr-compact. O

Proposition 3.2. The ITS (X,7) is Igpr-compact iff (X,71) is Igpr-compact.
Proof. Similar to Proposition 3.1. O

Proposition 3.3. Let f: (X,7) — (Y,0) be a surjective Igpr-continuous mapping. If (X,7) is
Igpr-compact then (Y, o) is intuitionistic compact.

Proof. Let {< X,G" G >: i € A} be any intuitionistic open cover of Y. Since f is Igpr-
continuous, {f~*(G;) : i € A} is an Igpr-open cover of X. Since (X, 7) is Igpr-compact, it has a finite

subcover {f1(G1), f " (G2), f " (Gs), ..., f~*(Gn)} such that _L_’Blffl(c;gl)) =X and ﬁf*l(Gf))
—. ie, f*l(_Q1 GM) = X and f*l(_ﬁ1 GP)=¢ = _@1 GV = f(X) and _ﬂafz £(¢). Since f is

surjective {G1, G2, .....,Gn} is an open cover of Y and hence (Y, o) is intuitionistic compact. O

Corollary 3.1. Let f: (X,7) — (Y, 0) be Igpr-continuous. If A is Igpr-compact in (X, T), then
f(A) is intuitionistic compact in (Y, o).

Definition 3.5. [10] Let (X, 7) and (Y, o) be two intuitionistic topological spaces and f: X — Y
be a function. Then f is said to be Igpr-irresolute if the preimage of every Igpr-closed set of Y is
Igpr-closed in X.

Proposition 3.4. Let f: (X,7) — (Y, 0) be an Igpr-irresolute mapping and if A is Igpr-compact
relative to X, then f(A) is Igpr-compact relative to Y.

Proof. Let {G; : i € A} be an Igpr-open set of Y such that f(A) C U {G;:i€ A}. Then A C U
{f7Y(G:) : i € A} where f~'(G:) is Igpr-open in X for each i. Since A is Igpr-compact relative to
X, there exists a finite sub collection {G1, Ga, ....., G} such that ACc U {f~*(G:) :i = 1,2,...,n}.
ie, f(A) CU{G;:i=1,2,...,n}. Hence f(A) is Igpr-compact relative to Y. O

Proposition 3.5. Let f: (X,7) — (Y,0) be an Igpr-irresolute mapping.If X is Igpr-compact,
then Y is also an Igpr-compact space .

Proof. Let f: (X,7) — (Y,0) be an Igpr-irresolute mapping from Igpr-compact space (X, T)
onto an intuitionistic topological space (Y, o). Let {G; : i € A} be an Igpr-open cover of Y. Then
{f71(Gy) : i € A} is an Igpr-open cover of X. Since X is Igpr-compact, there is a finite subfamily

{F75 AL, FHAL), £ (Asg)s e ALY of {f71(A) i € A} such that 'Q1 Gi; = X. Since
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fis onto, f(X) = X and f( U f~4(Gi,)) = U f(f7(Gi,))= U Gi,. It follows that U Gi; =X
~ ~ Jj=1 j=1 Jj=1 j=1 ~

and the family {Gi,, Gi,, ..., G4, } is an intuitonistic finite subcover of {G; : ¢ € A}. Hence (Y, 0) is
an Igpr- compact. O

4 Conclusions

In this paper, the development of intuitionistic generalised pre-regular continuity and its various
algebraic features in intuitionistic topological spaces are studied. Also intuitionistic generalised
pre- regular compactness in intuitionistic topological spaces are also discussed and it is proved that
(X, 1) is Igpr-compact if and only if (X, 70,1) is Igpr-compact.
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