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Abstract

In this paper, we study the almost paracontact, almost paracontact metric, paracontact
metric, K-paracontact and para-Sasakian Finsler structures on vector bundles and give some
characterizations for these geometric structures. Also, the curvature of a paracontact Finsler
manifold is given and some results for Ricci semi-symmetric para-Sasakian Finsler manifolds and
para-Sasakian Finsler manifolds with n-parallel Ricci tensor are obtained with the aid of Ricci tensor

and scalar curvature of Finsler structure.
Keywords: Vector Bundle; Vertical Distribution; Horizontal Distribution; Finsler Connection; Nijenhuis
Tensor Field
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1 Introduction

In [1], R. Miron has interested in the differential geometry of vector bundles and used the Finsler
geometry to simplify the theory. For this, he has seen that the Finsler connection on the total space
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E of a vector bundle ¢ = (E,n, M) is fundamental. To define it, firstly he has defined the notion
of the nonlinear connection N on E and used it to obtain the algebra of Finsler tensor fields on E.
Next, he has defined the torsion and curvature of Finsler connection and he has given them with local
components.

After that, the geometry of contact and paracontact structures on vector bundles with the aid of
Finsler connections has been studied in [2,3] and [4]. In these studies, the contact and paracontact
Finsler structures on E have been given by the Finsler tensor field ® of type ( } } ) a 1-form n
and a vector field £. Later the metric structure g on E has been decomposed as g = g» +g., and some
characterizations of the structure (®, 7, &, g) have been given. As a conclusion, in [4] it is proved that,
the Riemannian Sasakian structures and Sasakian Finsler structures are adaptable.

In this paper, the tensors NV, N® N®) and N® which characterize the condition of normality
of the almost paracontact Finsler structure are defined on an almost paracontact Finsler manifold
(E, ®,n,&) with the help of Nijenhuis tensor Ny and some characterizations for these tensors are
given. Later, the paracontact metric Finsler manifolds and K-paracontact Finsler manifolds are defined
and it is shown that the necessary and sufficient condition for a paracontact metric Finsler structure to
be K-paracontact Finsler structure is N = 0. Since N® gives important results for a paracontact
Finsler structure, we define a tensor field H which is a symmetric operator and anti-commutative with
®. The para-Sasakian Finsler manifold is defined and given the condition for an almost paracontact
metric Finsler structure to be para-Sasakian. It is proved that, the flag curvature of a plane which
contains ¢ is equal to —1 at each point of E which is a K-paracontact Finsler manifold. Some
characterizations for paracontact structures with the aid of the curvature of the paracontact Finsler
manifolds and the Ricci tensor of a para-Sasakian Finsler manifold are obtained. Finally, some results
for the Ricci semi-symmetric para-Sasakian Finsler manifolds and para-Sasakian Finsler manifolds
with n-parallel Ricci tensors are given.

2 Preliminaries

Let ¢ = (E,w, M) be a vector bundle of the class C*°, where F is the total space of dimension
(n+m), M is the base space of dimension n and the local fibre £, = 7~ (p), p € M, is a real vector
space of dimension n.

The map = : E — M induces the =7-morphism of the corresponding tangent bundles 77 :
T(E) — T(M). Then VE = Kerr” is a subbundle of T(E) called the vertical bundle. V E defines a
distribution

EV :ueE— EY,

where EY is the fibre of V E in the point u € E and EY is called the vertical distribution of £. On the
open set 771 (Uy), a = 1,...,m, is a local basis of the vertical distribution EV. Hence, EV is
integrable.

A non-linear connection on the total space E of £ is a differentiable distribution N : v € E —
N. C E,, with the property

o]
By

E,=N,®E),

where E, is the tangent space at « € E to the manifold E. Here N, is called the horizontal
distribution. So,

Proposition 2.1. If the base space M of the vector bundle ¢ is paracompact, then there exist the
non-linear connections on E [1].

For every vector field X on E, there exists a unique decomposition as

X =X, + Xy, Xu, € Ny, X, € E}, Yuc€ E.
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Here, X, and X, are called the horizontal part and the vertical part of X, respectively (see [1]).
Letz',i=1,2,...,nand y* a = 1,2,...,m be the coordinates of u € E. The local base of N,, is

1) 1o} o
52— o7 - N; (‘r’y)BT/“

and that of EY is aj;’a , Where N are coefficients of N. Their dual bases are (dz*, 6y*), where

oy* = dy” 4+ N{(z,y)dz’.

Since these bases are dual, we have

g J\ _ 7 0 a\ _ i J\ _ 0 b\ _ b
<§x“dx>_§“ <5mi,6y>—0, <8y“’dm =0, Oy“’(sy = Jg-

If X = X'(z,9) 525 + X*(2,y) 52, VX € Tu(E), then

Ay

X, = X(x,y) 0 %e_xog N{X'

i 1)
Xn = X"(z,y) a—ya,

@a
and if w = W;dz® + wady® is a 1-form, then
wh = Widz’, W = wi — Nf'Wa, Wy = wady®.
So it gives that, wx(X,) = 0 and w,(Xp) = 0, where w = wy, + w, [3].

Definition 2.1. A tensor field ¢ on the total space E of the vector bundle ¢ is called a Finsler tensor
field of the type ( 2 Z ) if it has the property

t(w17 “'7wp7X1> 4-~7Xq7wp+17 wooy Wptry XLI+1> -“>Xq+5)
= t((wl)ha ) (wP)h7 (Xl)h7 ceey (XLZ)h7 (wP+1)U7 ey (wP+T)U7 (Xq+1)v, ) (XLI+S)U)7

Vwa € X*(E), VX3 € x(E) [1].

Proposition 2.2. A Finsler tensor field of the type ( ‘Z Z ) on E has the following local form [1]:
t — tll ,,,,, lp,atye..s ar 1 1 d 1 d Jq 5 b1 5 bs
=t (‘r’y)gwll ®"'®(57p® 2 ® ... @dr’ ® By ® .0 By RIY'R..Q".

Definition 2.2. A Finsler connection on E is a linear connection V on E with the property that the
horizontal linear spaces N,,u € E, of the distribution N are parallel with respect to V and similarly,
the vertical linear spaces E , u € E, are parallel with respect to V [1].

A Finsler connection V on E is characterized by the conditions
(VxYh)y =0 and (VxY,)r, =0, VX,Y € x(E).
Thus we have:

Theorem 2.1. The following statements are equivalent:
(a) V is a Finsler connection on E,
(b) VxY = (VxYi)n + (VxYs)w, VX, Y € x(E),
(c) Vxw = (Vxwp)n + (Vxwy)w, Yw € x*(E), VX € x(E) [1].
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If § 75 (E) is the F(£)-module of the Finsler tensor fields of the type ( z Z ) then the §(E)-
F

module
J(E) = & FL(E)

F p,q,7,s=0,1,...F

and the product tensor is a graded algebra called the algebra of Finsler tensor fields on E.

For a Finsler connection V on E

VY =Vx, Y, V&Y = Vx,Y, VX,Y € x(E),
where V" and V" are the covariant derivatives in the algebra §(E). Here, V" is called the h-covariant
F

derivative and V" is called the v-covariant derivative of the Finsler connection V. Furthermore, we
have

(i) Vi f = Xn(f), (Vi Yn)o = 0, (V& Yo)r =0,

(i) VAY = (Vi Yn)n + (VA Y2)u,

(i) Vi f = Xo(f), (Vi Yn)o = 0, (V& Yo)n = 0,

(iv) VXY = (VxYa)n + (VX Yo)w
and we have analogous formulas for V xw, too (see [1]).

The torsion tensor field T" of a Finsler connection V on E is given by

T(X,Y)=VxY —VyX — [X,Y], VX,Y € x(E),
which is characterized by the five Finsler tensor fields:
[T(Xh7 Yh)]h ) [T(Xha Yh”v ) [T(th YU)]h ) [T(Xh7 YU)]
If the Finsler connection V on E is without torsion, then we have

T(Xn,Yn) =0, T(Xn,Ys) =0, T(X,,Y,) =0, VX, Y € x(E) [3].

[T(X0, Vo), -

v

If we break T' down into horizontal and vertical parts, we have
Th(Xn, Yi) = Vi Yh — V¥ X — [Xn, Yal,, » To(Xn, Ya) = — [Xn, Yal, »
Th(Xn,Yy) = =Vy X — [Xn, Y], To(Xn,Ys) = VAY, — [Xa, V3],
To(Xo, V) = VxYy = Vy X, — [X,, V2],
and when the Finsler connection V is torsion free, we get
[Xn, Yal, = ViV — Vi Xn, [Xn,Ya], =0, [Xn, Y], = -V X,
[Xn, Vo], = = VY., [Xo, V3], = VXY, — Vy- X, [5].

If w is a differential r-form on E and V is a linear connection on E, then the exterior differential
dw is given by

dw(Xo, X1, ... = w(Xo, .oy Xiy ooy X
(Xo, X1, ..., X T+1 0y ey Xiyoory X))
1 i . .
+ 1 Z (=) w([Xi, X5], Xoy ooy Xiy ooy Xy ooy Xi),
0<i<j<r

where X, means that the term X, is omitted. If w is a 1-form, then
2dw(X,Y) = X(w(Y)) = Y(w(X)) — w([X,Y]) [6].
Thus, if w € x*(E) is a 1-form and V is a Finsler connection on E, then for VX, Y € x(E) we have

2dw (X, Yn) = Xp(w(Yr)) — Y (w(Xr)) — w([Xa, Yal),
2dw(Xy, Yn) = Xo(w(Yn)) — Ya(w(Xo)) — w([Xo, Ya]),
2dw(Xo, Ye) = Xo(w(Yy)) — Yo (w(Xy)) — w([Xo, Yo).

(2.1)
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3 Almost Paracontact Finsler Structures on Vector Bundle
A (4n+2)-dimensional Finsler manifold E“"*2 has an almost paracontact Finsler structure
(®,n,¢), if it admits a tensor field ® of type ( i 1 ) a vector field ¢ and a 1-form 7 satisfying the

following conditions [2]:

PP=1I,—npRE — Ny @&y,
¢£h = 07 ¢£U = 07
nn(&n) + nw(§o) = 1,
Na(PXn) = 0o (®Xn) = np(®X,) =

(3.1)
M (PX,) =0.

Let g be the pseudo-Riemannian Finsler metric on E. Then the metric structure g on E can be
decomposed as
g = gn + gv, (32)

0

where g, is of type ( 8 ) and g, is of type ( 8 9 ) Thus, we have

0
2
g(XaY) :gh(XaY)+gv(XaY)
=g(Xn, Yn) + 9(Xu,Ys), VX, Y € x(E) [2]. (3.3)

Furthermore, the Finsler connection V with respect to g is given by

200 (V% Y, Zn) = Xngn (Y, Zn) + Yagn(Xn, Zn) — Zngn(Xn, Yn) (3.4)
+ gn([Xn, Yul, Zn) + gn([Zn, Xn], Yn) — gn([Yn, Zn], Xn),

290(Vx Yo, Zv) = Xogo (Yo, Zv) + Yo go(Xv, Zo) — Zugo(Xo, Yo) (3.5)
+ g'U([XU7 YU} ) ZU) + gv([Zv,XU} ,Yy) — gv([YL: Zv] s Xo),

290 (Vi Yh, Zn) = Xogn(Yn, Zn) + gn([Xo, Yal, . Zn) + gn([Zn, Xol,,  Y2), (3.6)

QQU(VSL(YMZU) = thv(yva Zv) +gv([Xh7YU]u ) Z”) + gv([Z”thL; 7YU)'

If the Finsler manifold E“"+2) with (®, 7, £)-structure admits a pseudo-Riemannian Finsler metric
g such that

gh(q}X’ (I)Y) = _gh(X7 Y) + Uh(X)Uh(Y) and gv((I)X7 q:'Y) = —9Gv (X7 Y) + Mo (X)nv (Y)7 (38)
which is equivalent to

(@) gn(X, &) = nn(X), gu(X, &) = nu(X), (3.9)
(i) gn(®X, BY) = —gn(P*X,Y), gu(PX, PY) = —g, (P*X,Y), '

then we say that E“"*2) has an almost paracontact metric Finsler structure and g is called compatible
metric (see [2]).
Now, we define

QX,Y) = g(X,PY); Q(Xp, V) = gn(X,PY), Q(X,,Ys) = gu(X, DY) (3.10)
and call it the fundamental 2-form. Then, for VX, Y € x(F), the fundamental 2-form satisfies

(7,) Q(@Xh,@yh) = —Q(X}“Yh), Q(CDX“,CI)YU) = —Q(XU,YU),
(”) Q(meh) = _Q(meh), Q(mev) = _Q(YU7XU)~ (31 1)
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Also we have the following equations with respect to the fundamental 2-form Q:
dQ(Xh,Yh, Zh) = XhQ(Yh, Zh) 4+ YhQ(Zh, Xh) =+ ZhQ(Xh, Yh)
= Q[Xn, Ya], Zn) = Q([Zn, Xn] s Yn) = QU[Yn, Zn], Xn), (8.12)
dQU(Xy, Y, Zo) = XoQ(Ye, Zo) + Yo Q(Zy, X)) + ZoQ( Xy, Ya)

—Q[Xo, Y], Zy) — Q[Zv, Xo], Vo) — Q[Yo, Z0], X0), (3.13)
dQU Xy, Yn, Zn) = XoQ(Yn, Zn) — Q[ X0, Yal, - Z1n) — Q[ Zn, Xl » Ya), (3.14)
dQUX, Yy, Z1n) = ZpUXe, V) — Q[ Z1n, Xo], , Yo) — QU[Ye, Z1], » Xo), (3.15)
dQUXn, Yo, Zn) = Yo U Zn, Xn) — Q[ Xn, Yol s Z1n) — Q([Yo, Zn],, » Xn), (3.16)
dQUXn, Y, Zy) = XnQ(Ye, Zy) — Q([Xn, Yo, » Zv) — QU[Zv, X4], , Yo), (8.17)
AU Xy, Yh, Zy) = YhQ(Z v) — QU[Xo, Yal, , Zv) — Q([Ya, Zo], , Xo), (3.18)
dQUXn, Y, Zv) = ZoUXn, Yn) — Q[ Zv, Xnl}, » Ya) — Q([Ya, Zo),, » Xn). (3.19)

Example 3.1. Let¢ = (E,w, M) be a vector bundle of the class C*>, where E = R® js the total space
of dimension 6 and M = R? is the base space of dimension 3.
If xl,l’Q,xg and y1,y2,ys are the coordinates of u = (x,y) € E, then the local base of N, is

(52-, 522+ 52=) and the local base of Ey; is (32—, 52, 52=), such that E, = N, ® E\ .
Let the vector field X on E be
1) 0 1) 0 0 0
X=X Xy=X—+Y—+ 27— X2 +Y -+
Bt R P P W A T
Xh, Xy

the 1-formn be

X
N =Nn + M = T2dr1 — 2dT3 + xQTd:ch + y20y1

Mh Nv
where n,(X,) = 0 and n,(Xn) = 0.
The structure vector field ¢ is given by
1) 1 0
5 é'h + &; =

212 (5$1 + 2y2 8y1 '
N—— N——
&n 13

The tensor field @ of type < i 1 > by the matris form is

0%0000

R
P = 1 , where®, =] 0 0 1 and®,=10 0 1

00 00 5 0 0 1 0 0 1 0

0 0 0 0 0 1

0 0 00 1 0

are tensor fields of type (1,1).
Then one can see that
2N = X — nu(Xn)€n — 1o (Xo)o,
@n(€n) =0, ©u(&) =0,
nn(€n) + 10w (&) =1, M) =0, n.(&n) = 0,
N (Pn(Xn)) = 10 (Pu(Xy)) =0,
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where Y? = 2, XZ andY? = y, X Z.
Therefore, (®,7, ) is an almost paracontact Finsler structure on E = RS,

4 Normal Almost Paracontact Finsler Manifolds

The Nijenhuis tensor N; of a tensor field J of type (1,1) on a manifold M is a tensor field of type
(1,2) defined by

Ni(X,Y)=J°[X,Y]+ [JX,JY] - J[JX,Y] - J[X,JY], VX,Y € TM. (4.1)
If M admits a tensor field .J of type (1,1) satisfying
JA=1,

then it is said to be an almost product manifold equipped with an almost product structure J. An
almost product structure is integrable if its Nijenhuis tensor vanishes [7].

Let M @™+ pe an almost paracontact manifold with structure (®, 5, £) and consider the manifold
M@ % R. We denote a vector field on M ") x R by (X, <), where X is tangent to M "),
t is coordinate on R and f is a C°-function on M "1 x R. For any two vector fields (X, f4) and
(Y, hi), one can see that

d

(X, £, (V)

— (X, Y], (Xh— Yf)%). (4.2)

An almost paracomplex structure J on M ?"+1 x R is defined by

T, 15 = (X + f6,n(X) ). 43)
Here one can easily see that J? = I.

If J is integrable, we say that the almost paracontact structure (@, n, &) is normal.

As the vanishing of the Nijenhuis tensor of J is necessary and sufficient condition for integrability,
we express the condition of normality in terms of Nijenhuis tensor Ng of ®. Since N; is tensor field
of type (1,2), it suffices to compute N;((X,0), (Y,0)) and N;((X,0), (0, 2)). So from (4.1), (4.2) and
(4.3), we get

NS((X,0), (¥,0)) = (Na(X,Y) = 2dn(X, V)&, (Laxn)¥ — (Loyn)X) D),
N((X,0), (0, 5)) = ~(Le®)X, (Len)X )

We are thus led to define tensors NV N N® and N® by

NY(X,Y) = No(X,Y) — 2dn(X,Y)¢,
N®(X,Y) = (Laxn)Y — (Layn)X,
N®(X) = (L)X,

NW(X) = (Len) X.

(4.4)

So, the almost paracontact structure (®,n, &) is normal if and only if these four tensors vanish (see
[8))-

Now let us define these tensors, found above, on almost paracontact Finsler manifold (E, ®, 7, £):
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For VX, Yn, &, € Ny and VX, Y,, & € EY

NN (X3, Vi) = No(Xn, Vi) — 2dnn(Xn, Ya)én
= [Xn, Yi] + [2 X4, PYr] — O [P X}, Vi)
— @ [Xp, @Yh] — Xn(a(Yn))én + Yi (mn(Xn))én,

N3 (X3, Y3) = (Lax,nn)Yn — (Lay, 1n) Xn (4.5)
= O Xpnn(Yh) — n([PXn, Ya]) — @Yann(Xn) + na([®Yh, X]),

N®(X3) = (Le, @)(Xn) = [€n, PX1] — @ [€n, Xn],
N(X3) = (Le, ) (Xn) = Ennn(Xn) — n([€n, Xn));

NY(X,,Y,) = No(Xy, Yy) — 2dns(Xo, Yo )o,

N(X,,Y,) = (Lax,m)Ye — (Laoy,nv) X0, (4.6)
N®(X,) = (Le, ®)(Xo),
NY(X,) = (Le,no)(X0);

NY(X,,Yh) = No(Xo, Ya) — 2dnn (Xo, Ya)én — 2dnu (X, Yn)Es
= [X0, Y] + [@X,, DY3] — @ [0 X, V]
— @ [ Xy, ®Yh] — Xo (0 (Ya))En + Y (0o (X))o,
N(Q)(Xv, Yh) = (Lax,nn)Yn + (Lox, )Y — (Lav, )Xo — (Layy, 1) Xo (4.7)
= Xunn(Yn) — mn([2Xv, Ya]) — 10 ([2X0, Yi])
+ nn([2Yh, Xo]) — @Yanu (Xo) + 10 ([2Y5, Xo]),
N (Xy) = (Le, @)(Xo), NY(Xy) = (Le, 1) (X0),
N®(¥3) = (Le, @) (Ya), N (Vi) = (Le,mn) (Va).

So, the almost paracontact Finsler structure (®, 7, ¢) is normal if and only if the tensors NV, N N®)
and N vanish identically.

Proposition 4.1. Let E be an almost paracontact Finsler manifold with an almost paracontact Finsler
structure (®,n,£). Then we have,

ND(Xp, &) = =ND(@Xp) = — [, Xn] + @ [€n, PXn] + En(nn(Xn))En, (4.8)
NP (X, Yn) = 2(dnn(®Xn, Yn) + dnn(Xn, PYr)),

N (Xp) = 2dnn (&, Xn); (4.10)
ND(Xy, &) = =NO(@X,) = — [£, Xo] + @ [£0, DX ] + &0 (00(X0))éo, (4.11)
NP (X,,Y,) = 2(dn,(®X, Y2) + dny(Xo, PY2)), (4.12)

NO(X,) = 2dn, (&0, Xo); (4.13)

3410



British Journal of Mathematics and Computer Science 4(24), 3403-3426, 2014

N (X, 6n) = =N (BX0) + no(Xo) [0, 1]

= —P[DX,, &n] + [Xou, &n] + En(nw(Xo))Eo, (4.14)
NO (¥, &) = —N(®Y5) + nn(Ya) [, €]

= =@ [QY),, &o] + [V, &o] + &o (M (YR))én, (4.15)

N3 (X,, V) = 2(dnn (DX, Ya) + dne (P Xy, Ya)
+ dnp (X o, ®Y5) + dny (Xo, PY3)), (4.16)

N3 (X, Y,) = 2(dnn(PXn, Ya) + dno(®Xn, Yy)
+ dnn (Xn, ®Yy) + dny(Xn, ®Y2)), (4.17)
N (Y3) = 2dnn (&, Yn), NW(X,) = 2dn, (&, Xo). (4.18)

Proof. For VX, Y, &, € N, and VX,,Y,,& € EY, from (2.1), (3.1), (4.5), (4.6) and (4.7), after
necessary calculations we obtain (4.8)-(4.18). O

So, from (3.1), (4.9), (4.10), (4.12), (4.13), (4.16), (4.17) and (4.18) we have:

Corollary 4.1. If E is an almost paracontact Finsler manifold with an almost paracontact Finsler
structure (®, 7, £), then for VX, Yn, & € N, andvX,,Y,, &, € EY, we have

NO(Xp, ®Y3) = 2(dnn (P Xn, ®Y3) + dnn(Xn, Ya)) + ma(Ya) NP (X4), (4.19)
NO(X,, ®Y,) = 2(dn, (DX, PY,) + dno(Xo, Ya)) + 10 (Y ) NP (X,), (4.20)
N (X,, <I>Yh) 2(dnn (B X, BY3) + dno (DX, PYr) + dn (Xo, Ya) + dnw (X, Ya))

(Vi) N (X0) + 1w (Vi) 2dmn (6n, Xo), (4.21)
NP (X, dY, ) = 2(dnn (® X, ®Yy) + dny (D Xn, ®Yy) + dnn(Xn, Vo) + dne(Xn, Ya))

+ 10 (Yo )N (Xn) + 0 (Y2) 20 (€0, Xn). (4.22)
Proposition 4.2. On an almost paracontact Finsler manifold E, N® vanishes if and only if
dn(®X,dY) = —dn(X,Y). (4.23)
Proof. Let us assume that N® = 0. Then from (4.10) and (4.19), for VX5, Yi, &n € N,
0= NP (Xp, ®Y) = 2(dnn(®Xn, PYn) + dnn(Xn, Yn)) + 1u (Y ) 2dnn (En, Xn)

and for this, it must be dn, (P X4, PY:) = —dnn(Xn, Ya).

Similarly, from (4.13) and (4.20), if N® = 0forvVX,,Y,, &, € EY , then it must be di, (8 X, ®Y,) =
—dny (X, Ya).

Furthermore, from (4.18) and (4.21), if

0= NP (X, ®Ys) = 2(dnn(®X,, DY) + dn (P Xy, BY2) + din(Xo, Ya) + dne(Xo, Ya))
+ W}L()/h)2d7]h(£h7 Xv) + Mn (Yvh)2d77v (é-hv Xv):

then dn, (®X,, ®Y)) = —dnn(Xo,Ys) and dny (®X,, PYs) = —dn. (X, Ys). Finally, from (4.22),
it N® (X}, ®Y,) = 0, then it must be dn,(®Xn,®Y,) = —dnn(Xn,Ys) and dn, (X, dY,) =
—dT]U(Xh,YU).

Conversely, let us take into account that dn(®X, ®Y) = —dn(X,Y). Then, for VX, Y5, & € Ny,
we have
0 = dnp (X, ®€h) = —dnp(®Xn, &n).

So, from this equality and (3.1), we get
dnn (BXn, @2Yy) = —dnn (Xp, ®Ys) = dnp(®Xn, Yn) = —dnn(Xn, @Y5).
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Using the last equation in (4.9), we obtain N (X,,,Y},) = 0.
Similarly, for VX,,Y,,&, € EY, from 0 = dn, (92X, ®E,) = —dn, (X, &) and (3.1), we have

Ao (P X0, Yy) = —dnu(Xo, PY2).

Using this expression in (4.12), we obtain that N¥ (X,,Y,) = 0.
Now, if dn(2X,, ®Ys) = —dnn(X,, Ya), then using 0 = dny (92X, L) = —dnn (X, &), We
get
dnn (9 X,, Yh) = —dnn(X,, Y}) (4.24)

and if dn, (®X,, ®Ys) = —dn, (X, Ys), then using 0 = dn, (92X, ®€),) = —dn, (P X,, £4), we get
dny (9 Xy, V) = —dny (Xo, PY3). (4.25)

Thus, from (4.16), (4.24) and (4.25) we obtain that N?(X,,V},) = 0.

Lastly, if we take dny (®Xn, Y,) = —dnn(Xp, Ys) and dn, (X, @Y,) = —dne (X, Ys), we get
dnn(®X4,Ys) = —dnn(Xp, @Ys) and dn, (P X4, Y,) = —dn.(Xn, ®Y,), respectively. So, using the
last two equations in (4.17), we can see that N (X,,,Y,) = 0. O

Lemma 4.2. If NV = 0 for an almost paracontact Finsler manifold E, then N® = N® = N®) =g,
Proof. 1t NV = 0, from (4.5), for VX4, Ys, &n € Nu, we get
=@ [DXp, En] + [Xn, &) + En(n(Xn))én =0 (4.26)
and applying 7y, to (4.26) we obtain that
&n(n(Xn)) = na([€n, Xn]) = (Leymn) (Xn) = N (X)) = 0. (4.27)
Replacing X, by ® X, in (4.27), we have
M ([En, PX3]) = 0. (4.28)

Applying @ to (4.26) and using (4.28), we obtain that N (X},) = 0.
From N = 0 and (4.5),

0=N"(®Xp, Yi) = [Xn, ®Ya] — 1 (Xn) [€n, PYa] + OV (7 (Xn))En
— @ [Xn — n(Xn)én, Ya] — @ [®Xn, PYi] + [P X4, Yi] — PXp (90 (Yn))én

and applying 7, to the last equation, we obtain that N® (X}, Y3,) = 0.

Analogously, for VX,,Y,, ¢, € EY, if NV (X,,Y,) = 0, then we can see that N?(X,,Y,) = 0,
N®(X,)=0and N¥(X,) = 0.

If NY(X,,Y}) = 0, from (4.7) we have

= @ [PXy, En] + [Xo, &) + &n (0o (X0))&o =0 (4.29)
and applying 7, and n, to (4.29), we get

r([Xo, &n]) = 0.and n, ([Xo, &) = =&n(10(X0)). (4.30)

So, from (4.30) we have N (X,) = 0.
If we apply @ to (4.29), then we have

— [®X, &) + Mu([PX o, ER])ER + Mo ([P X0, ER])Ew + D [ X0, E] = 0. (4.31)

Replacing X, by ®X, in (4.30) and using this in (4.31), we obtain that N® (X,) = 0.
Also, from (4.7) we have

0=NY (&, Y1) = = &, DY4] + [€v, Y] — &o(nn(Yn))En (4.32)

3412



British Journal of Mathematics and Computer Science 4(24), 3403-3426, 2014

and applying n, and 7, to (4.32), we obtain that

h([§v, Ya]) = &0 (nn(Ya)) and . ([€v, Ya]) = 0. (4.33)

So, from (4.33) it can be seen that N¥(v;,) = 0.
Applying @ to (4.32) and using (4.33), we get N (v3,) = 0.
Finally, from NV(#X,,Y,) = 0, we get

[Xo, @Yh] = 10 (Xo) [€or PYR] + PYa(00(Xo))Eo — @ [Xo — 10 (Xv)Eo, Vi)
— ®[BX,, DY3] + [® Xy, Y] — DXy (nn(Yn))én =0 (4.34)

and applying 7, and i, to (4.34), we have

Mo ([Xo, @Yn]) + PYano (Xo) + 00 ([P X0, Ya]) =0 (4.35)
and

nh([Xm CI)Y’I]) + nh([éxv, Yh]) - q>Xv77h(Yh) =0, (436)
respectively. So, from (4.35) and (4.36) we obtain that N® (X,,,V;,) = 0. O

Thus we have:

Corollary 4.3. An almost paracontact Finsler structure (®, 7, €) is normal if and only if N = 0.

5 Paracontact Metric Finsler Manifolds

Definition 5.1. If Q = dn, that is,
gn(X, @Y) = dnn(Xn, Yr) and g, (X, @Y) = dny (X, Vo), (5.1)

then n is a paracontact form and the almost paracontact metric Finsler manifold (E, ®,7,¢&, g) is said
to be paracontact metric Finsler manifold.

Lemma 5.1. For a paracontact metric Finsler structure (®,7,¢, g), N'® and N vanish. Furthermore,
N® vanishes if and only if ¢ is a Killing vector field.

Proof. Ifthe structure (®,n, &, g) is paracontact metric Finsler, then from (4.5) and (5.1), for VX, Y, & €
N., we get

ND(Xn) = (Le, m)(Xn) = & (Xn)) = 1 ([, X)) = 2dnn(€n, Xn) = 2gn(6n, ®Xn) =0
and similarly from (4.6), for VX,,,Y,, &, € EY , we get N(4>(XU) = 0. Furthermore, from (4.7) we have
NW(Xy) = (Le,mo) (Xo) = 24 (€n, Xo) = 2g0(6n, 2X0) = 0

and
NY (V) = (Le, ) (Yn) = 2dnn(€v, Ya) = 2gn(€s, DY) = 0.

On the other hand, from (3.9), (4.5) and (5.1), we get N®(X,,,V3) = 0; from (3.9), (4.6) and (5.1),
we get N (X,,Y,) = 0 and also from (4.7), we obtain that N (X,,Y;,) = 0.
Since
(Ley, 9)(Xn, &n) = (Le,nn)(Xn) =0

and n and dn are invariant under Lie derivation, we get L¢, dn, = 0. So, for VX4, Y), € Ny, we get

0= (Le, dnn)(Xn, Yn) = En(dnn(Xn, Ya)) — dnn([En, Xn], Ya) — dnn(Xa, [En, Ya])
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and from (5.1)
En(9(Xn, @Yn)) — g([§n, Xu], Yh) — 9(Xn, @ [§n, Ya]) = 0. (5.2)

On the other hand, if we sum up the equations

(L), 9)(Xn, Yh) = En(g(Xn, @Y4)) — g([En, Xn], ®Yh) — g(Xn, [§n, PYh])
9(Xn, (Le, ®)Yn) = g(Xn, [§n, PYh]) — g(Xn, @ [§n, Ya])

and use (5.2), then we get
(Ley 9)(Xn, @Yn) + g(Xn, (Le, ®)Yr) = 0.

Thus, if N®® =0, then (Lg, g)(Xn, ®Y3) = 0. Since this equation is true for VX, Y, € N,, we have
Le¢, g = 0 and therefore, &, is a Killing vector field.

Conversely, if &, is a Killing vector field, then we have g(X5, N®®(Y3)) = 0 and since it is satisfied
for VX,, Y, € N, we get N® = 0.

Similar computations can be done for VX,,Y,, &, € EY. So, this completes the proof. O

Definition 5.2. A paracontact metric Finsler structure (®,7, ¢, g) with £ Killing vector field is called a
K-paracontact Finsler structure.

So, we can give the following corollary:

Corollary 5.2. A paracontact metric Finsler structure (®,1,¢,g) is K-paracontact if and only if N®
vanishes.

Proposition 5.1. For an almost paracontact metric Finsler structure (®,7,&,g) on E, the covariant
derivative of ® with respect to the Finsler connection V is given by

29((Vx @)Y, Z) = —dQUX,Y, Z) — dQUX, Y, 8Z) — g(NV (Y, Z), DX)
+ Ny, Z2)n(X) — 2dn(®Z, X)n(Y) + 2dn(®Y, X)n(Z), (5.3)

where ) is the fundamental 2 form.
Furthermore, if the structure (®,n,&,g) is paracontact metric Finsler, then the equation (5.3)
simplifies to

29((Vx®)Y, 2) = —g(N'(Y, Z), ®X) — 2dn(®Z, X)n(Y) + 2dn(QY, X)n(Z).  (5.4)
Proof. From (3.4) and (3.10), for VX4, Ys, Z1, & € Ny, we have

200 (V% ®) Y, Z1) = ®Yngn(Xn, Zn) — ZuUXn, Ya) + gn([Xn, ®Ya], Zn) + Q[ Zn, Xn], Ya)
— gn([®Yh, Z1], Xn) + YU Xn, Zn) — ®Zngn(Xn, Ya)
+ Q([Xn, Y], Zn) + gu([PZ1n, Xu], Ya) — gn([Ya, ®Z4], X1).

Furthermore, from (3.12) we have

AU X, ®Yn, ®Z1n) = —XnQ(Yn, Zn) — ®Yngn(Zn, Xn) + ®Yn(r(Xn)nn(Zn))
+ @Zngn(Xn, Yn) — 2Zn(a(Xn)nn(Yn)) — gn([Xn, ®Yi], Zn) + nn([Xn, PYn])nn(Zn)
= gn([®Zh, Xn], Yn) + nn([2Zh, Xn])nn (Ya) — Q[@Yh, ®Zk], Xn); (5.5)

from (3.10) and (4.5) we get

g(ND (Y, Z), ®X1) = Q([®Yn, ©Zn], X1) + QU[Ya, Zn] s X1) + gn (@Y, Zn] , X»)
= M (Xn)nn([2Y4, Zn]) + gn([Ya, ®Zn], Xn) — nn(Xn)nn([Ya, ®Zn]) (5.6)
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and
N (Yi, Zn)nn (Xn) = ®Yi(nn(Z1))n(Xn) — 0u (@Y, Zn])in (Xn)
= @Z(n (Yr))1n (Xn) + nn([2Zh, Yal)na (Xn)- (5.7)

So, from (5.5), (5.6) and (5.7) we can reach to the desired equation.

Similarly, from (3.5), (3.10),(3.13) and (4.6), for VX,,Y,, Z,,&, € EY, we can see that the
equation (5.3) is satisfied.

Since

290 ((Vx ®)Yh, Zn) = gn([Xv, @Y2], Zn) + Q([Zh, Xo],, , Ya)
+ Q([Xv, Yal, , Zn) + gn([22Zn, X0, , Ya),
AU Xy, ®Ys, ®Z) = —XoQ(Yi, Zn) — gn([Xo, V), » Z1) + 10 ([Xo, @Y2], )00 (Z1)
= 9n([2Zh, Xo]}, » Yn) + nn([2Zn, Xo], )0 (Ya),
g (NP (Ya, Z1), ®X,) =0, N (Ya, Zn)nn(X,) =0
and by using (3.14), we get
200 (V% ®)Yn, Z1) = —dU Xy, Yi, Zn) — dQU Xy, ®Yn, ®Z1) — gn(ND (Va, Z1), ©X,)
+ NO(Ya, Zi)nn(Xo) — 2dnn(®Zn, X )n (Yn) + 2dnn (®Yh, X )1n (Zn).
With a similar way, we can see that
29, (Vi ®)Yy, Zo) = —dQUXn, Ye, Zo) — dUXn, BV, ®Z,) — gn(ND(Ye, Z0), DX1)
+ N (Y, Zo)no(Xn) = 20, (2 Zu, Xn)no(Ya) + 2d0, (@Yo, Xn)nu(Ze).

Finally, the equation (5.4) follows from the equation (5.3), Definition 5.1 and Lemma 5.1. O

On a paracontact metric Finsler manifold, we know that, for VX, Y%, Z1, &n € Ny,

200 (V5% ®)Yi, Zn) = —gn(NY (Yi, Z1), ®X1) — 2dnn (D Zn, Xn)nn (Yi) + 2dnn (DY5, Xn)nn(Z).

(5.8)
Therefore, replacing X, by &, in this equation, we have
Ved =0 (5.9)
and similarly from (5.4), for VX, Y., Z,, &, € EY, we have
Vi@ = 0. (5.10)

Furthermore, since gi(§,&) = 1 for V&, € Ny, we get
gn(VxEn,&1) = 0, VX5 € Ny.
Thus, gn(V%&n, €1) = 0 and since the Finsler connection V is a metric connection we have
0= Ve(gn(n, Xn)) = gn(VE€n, Xn) + gn(én, Ve Xn)
and so

gn(VE€n, Xn) = —gn(€n, VEXn) = —gn(€n, Vii&n + [€n, X))
= —nn([€n, Xn]) = 2dnn(§, X),

where the vector field X, is orthogonal to &,. Since dn, (€, X) = 0 on a paracontact metric Finsler
manifold, we obtain that g, (V{&,, Xr) = 0 and so

Vién = 0. (5.11)
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Similarly for V¢, € EY, we can see that
ViE, = 0. (5.12)

From the Corollary 5.2, we know that a paracontact metric Finsler structure is K-paracontact if and
only if N vanishes. Since the tensor field N gives important results for a paracontact Finsler
structure, let we define a tensor field # on a paracontact Finsler manifold by

1 1

_ 1 _ 1B
H=5Le® =N
Thus, we have ) . )
HE = SN = 5(Le®)(€) = 5 (Ley 16, D)(En + &) = 0. (5.13)

Lemma 5.3. The tensor field H on a paracontact metric Finsler manifold is a symmetric operator.
Furthermore,

Vhen = —0X), + OHX),,
V&, = —BX, + PHX,,

G
= o
o £

‘H is anti-commutative with ® and trH = HE = 0.
Proof. On a paracontact metric Finsler manifold from (5.9) and (5.11), for VX3, Y, &, € N, we have
9((Le, ®) X0, Ya) = g(—Vixén + PVin, V)

and here if we replace X}, or Y}, by &, then the equation vanishes.
Since N® = 0 for a paracontact metric Finsler manifold, if we take X}, and Y;, are orthogonal to
&n, from (4.5), we obtain that

M ([2Xn, Ya]) + 10 ([Xn, PYa]) = 0.
Also, since —® X, (nn(Yr)) = Xn(nn(PYr)) = 0 we have
—gn (Vi x&n, Y2) — gn(Vi&n, ®Yn) = gn (Vi ®Yn, &1) + gn(Vix Vi, &)

Hence we can see that g(H X4, Ys) = g(Xn, HY%) and so H is symmetric.
Replacing Y}, by &, in (5.8), we get

20n(— OV En, Zn) = —gn((Le, ) Xn — 2Xn + 20(Xn)én, Zn)
and so .
—dVhe, = fi(LghCI))Xh + Xn — 9 (Xn)En.
Applying @ to this equation, we obtain (5.14).
Now, let us see that H is anti-commutative with ®:
291 (Xn, ®Yn) = 2dnn(Xn, Yn) = gn(Xn, ®Yn) + gn(PHXn, Ya) + gn(Xn, @Ya) + gn(®Xn, HYr)
and so
gh(q)/HX}“ Yh) + gh(q>Xh,HYh) = 0.

Since H is symmetric, we obtain that
SH + HP = 0. (5.16)

If HX), = AXp, then HO X, = —dH X}, and so HP X, = —A\PX,,. Thus, if the eigenvalues of H are
A and —), then trh = 0.

With a similar way, the equation (5.15) and the same results can be obtained for VX,,Y,, &, €
EY, too. O
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From the Corollary 5.2, we can give the following corollary:

Corollary 5.4. Let (®,n,€&,g) be a paracontact metric Finsler structure on E. Then (®,n,&,9) is a
K-paracontact Finsler structure if and only if

Vién = —®Xn, Vi& = —0X,. (5.17)

Definition 5.3. If a paracontact metric Finsler manifold is normal, then it is called a para-Sasakian
Finsler manifold.

Theorem 5.5. An almost paracontact metric Finsler structure (®,n, &, g) is para-Sasakian if and only
if

(FHOh = 50 (XY ) d ) o (D, = an(K )60 | 1

(VE®)Y, =0, (V%P)Y, = 0.
Moreover, a para-Sasakian Finsler manifold is K-paracontact.

Proof. Let us assume that the almost paracontact metric Finsler structure (2,7, £, g) is para-Sasakian.
If the structure (®,7, €&, g) is a normal paracontact metric Finsler structure then, we have Q = dn,
N® =0and N® = 0. So from (3.8) and (5.4), for VX, Ys, Zn, &, € N, we get

(V@)Y = —gn(X,Y)én + 1 (Yn) Xn
and similarly for VX, Y., Z,, &, € EY, we obtain that
(vi))((p))/v = —gv(X, Y)gv + 771J(YU)X1J-

Furthermore, again from (3.8) and (5.4) it is clear that (V% ®)Y, = 0 and (V% ®)Y;, = 0.

Conversely, let us suppose that the almost paracontact metric Finsler structure (®, 7, &, g) satisfies
(5.18). For VX,,Yn, & € N, replacing Yy, by &, in the equation (V&@)Yh = —gn(X,Y)én +
Mh (Yh)Xh, it is found that

— OV, = —nu(Xn)En + X

Applying @ to this equation, we see that V%&, = —®X},. Similarly, for VX,,Y,,& € EY, we get
%& = —®X,. So, from (5.17) £ is Killing vector field. Thus, from

0 = (Ley, gn)(Xn, Ya) = &n(9(Xn, Y2)) — g([€ns Xn], Yi) — g(Xn, [§n, Ya])
= g(V&n, Vi) + 9(Xn, Vién)

we get
dnn(Xn, Ya) = 9(Vi%&n, Ya) = Q(Xn, V)

and similarly, dn, (X,,Y,) = Q(X,,Y,). Therefore, (®,1,&, g) is a paracontact metric Finsler structure.
Furthermore, since

No(Xn,Yn) — 2dnn(Xn, Yn)€n = 290 (PYn, Xn)én — 2dnn(Xn, Ya)ér =0
and
N<I>(XU7YU) - 2d77v(Xv:Yv)£v = 2gv((I>YU7XU)§U - 2d"7v(Xv7Yv)€v =0

the paracontact metric Finsler structure (®,7, €, g) is a para-Sasakian Finsler structure. O
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6 The Curvature of the Paracontact Finsler Manifold

The curvature of a Finsler connection V is defined by
R(X,Y)Z =VxVyZ—-VyVxZ -V xyvZ

such that
R(X,Y)Z = Rn(X,Y)Zn + Ry (X,Y)Z,, VXY, Z € x(E)

and the operator R(X,Y") is skew symmetric according to X and Y.
The curvature of a Finsler connection V on x(E) is defined by the following Finsler tensor fields

[3]:
R(Xn,Yn)Zn = VXVYZh - vYVXZh = Vix,,v,1%n,
(Xn,Y0)Zo = Vi VY Zy — VEVY Zy — Vi, v 2o,
(X0, Yn)Zn = Vg(v?/zh — VY% Zh — Vix, vy Zhs
( U7Yh)Zv = V}V}{/ZU - v})l/ g(Zv - V[Xv,Yh]Zvv
(X0, Y2)Zn = VXVYZy — VY VX% Zh — Vix, v] Zhs
R(Xv,Yy)Zy = V5 VyZy = V3V Zy = Vix, v,] Zv-

Theorem 6.1. Let E be a K-paracontact Finsler manifold of dimension (4n+2). Then, the flag
curvature of a plane which contains £ is equal to —1 at each point of E.

Proof. If E is a K-paracontact Finsler manifold, then from (5.9), (5.17) and (6.1) we get

gn(R(Xn, &n)éns Xn) = —gn(Xn, Xn) = —1,

where X}, is a unit vector field orthogonal to &j,.
Similarly, if X, is a unit vector field orthogonal to &, we get

9o (R(Xo,&0)&0, Xo) = —gu (X0, Xo) = —
Thus, we obtain the flag curvature of E as

gh(R(Xh7 §h)§h7 Xh) + gv(R(X'U7 §v)£v, X'u)

K(X,§) = =—1.
( f) Q}L(thXh)gh(fmfh) +gU(Xv:XU)gU(£U7£U)
O
Proposition 6.1. On a paracontact metric Finsler manifold E, we have
(VEH)Xn + (VEH) Xy = —OX + HPX + PR(E, X)E, 62)
R(£,X)6 + PR(£,DX)E = 282X — 2H*X :

Proof. Let E be a paracontact metric Finsler manifold. Then, from (5.9), (5.11), (5.14), (5.16) and
(6.1), for VX, &n € Ny, we have

R(én, Xn)én = Ve (HXn) — ®VEXn — PH [, Xn] + P [, Xa] (6.3)
and applying @ to this equation, we get

R(&n, Xn)én = (VEH)Xp + HV & — Vién
= (VEH)X), — H>OXp, + DX,

Replacing X by ®X in (6.5) and using (5.9), (5.13), (5.16), we obtain

R(n, ®X1)En = —(VEH)Xp, — H> X, + B° X (6.6)
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Furthermore, from (6.3) we have

R(&n, Xn)én = ®(VEH) X — H>Xp, + O X, (6.7)
Thus, summing up (6.6) and (6.7) we get

R(&n, X1)én + OR(En, DX1)En = 20°X), — 2H> X,
Similarly, for VX, & € EY, we can obtain that
PR(Ev, Xo)bo = (VEH) Xy — H X, + @ X, and R(Ev, Xo)& + PR(Ey, PX,)Es = 20° X, — 2H* X,
Hence, from the last equations we get
DR(4, X)E = DRu(§, X)&n + PRy (&, X)& = (VEH) X + (VEH) X, + OX — H?DX,

which is the first equation of (6.2) and

= 202X — 2H2X,

which is the second equation of (6.2). O
Proposition 6.2. On a para-Sasakian Finsler manifold, we have

R(X,Y)€ = nn(Xn)Yn + 10 (Xo) Yy — nn(Ya) X — 10 (Yo) Xo. (6.8)
Proof. On a para-Sasakian Finsler manifold from (5.17) and (5.18), for VX},, Y3, &, € Ny, We get

R(Xn, Y)én = Vi Vien — VEVAEL — Vix, viiEn
= —(V%®)Ys + (V3 @) Xy,
=N (Xr)Yn — mn(Yn) Xn (6.9)

and similarly, for VX,,Y,, &, € EY , we get
R(qu Yv)gv = Nv (Xv)Yv — T (Yu)XU (610)
Thus, from (6.9) and (6.10), the equation (6.8) is obtained. O

Theorem 6.2. Let ¢ be a Killing vector field on a Finsler manifold E of dimension (4n+2). Then, E is
a para-Sasakian Finsler manifold if and only if

R(X,0)Y = gn(X,Y)&n + 9o (X, Y )& — ma(Ya) Xn — no(Yo) Xo. (6.11)
Proof. ForVXp, Y, &, € Ny, We get

9(Bn(Xn, &n)Yn, Xn) = g(Rn(Xn, Yn)Sn, Xn)
= 9(ViVyén = Vo y, &n Xn) = 9(V¥ Vibn = Vg x, &, Xa).- (6.12)

Since ¢ is a Killing vector field
0= (Le, gn)(Xn, Yn) = g(V&n, Ya) + g(Xn, V¥-£n)
and from here we have g(V’¢,, X1,) = 0. Differentiating this equation with respect to Y3, we have

g (VY Vi&n, Xn) + gn(Vi&n, V¥ Xp) = 0. (6.13)
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Again since ¢ is a Killing vector field, we get
9(Vn x, &ns Xn) + gn (V3 Xn, Vién) = 0
and so the equation (6.13) is
an(VeVien — V%};/thh,Xh) =0.
By using the last equation in (6.12), from (5.17) and (5.18) we obtain that

Ru(X, €)Yy = R(Xn, &)Y = —(VX®)Y;,

= gn(Xn, Yn)én — nn(Ya) Xn. (6.14)

Similarly, for VX,,Y,, & € EY , we get
R,(X,8)Y, = R(X,,&)Ys = go(Xo, Yo)60 — 10(Yo) Xo. (6.15)
Taking into account (6.14) and (6.15), we have the desired equation. O

Therefore, we can give the following corollary:
Corollary 6.3. On a para-Sasakian Finsler manifold, we have
R(X, )X =¢&,
where X, and X, are unit vector fields orthogonal to &5, and &, respectively.

Let {E}, E?,...,E" ¢,} and {EL, E2, ..., E2" &,} be the local orthogonal frames of N,, and EY ,
respectively. Then the Ricci tensor of a para-Sasakian Finsler manifold E of dimension (4n+2) is
defined by

S(X7 Y) = Sh(X7 Y) + SU(Xa Y) = S(thyh) + S(Xv7YU)
2n

_ZQ (Xn, Bn)Eny Ya) + g(R(Xn, €n)én, Ya)

+ Zg XU7 E EZ), YU) + g(R(Xv,fv)gv, va)7 (616)

where S}, and S, denotes the horizontal Ricci tensor and the vertical Ricci tensor of E, respectively.
Lemma 6.4. On a para-Sasakian Finsler manifold E of dimension (4n+2), we have
S(X,€) = —2nn(X). (6.17)

Proof. From (6.9), (6.10) and (6.16), for VX1, &, € Nu, VX, &, € EY we have

2n

S(X,€) = Sn(X,€) + Su(X, ) = Zg (Xn, ER)Eny €n) + g(R(Xn, )én, €n)

+Zg XmE Evafv)"'g( (X, &0)€v,80)

= —2m7(X;L) —2nn(Xy) = —2nn(X).
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Corollary 6.5. On a (4n+2)-dimensional Finsler manifold E, a paracontact metric Finsler structure
(®,n,&,9) is K-paracontact if and only if S(£,£) = —2n.

From (6.17), we have

Q£ = th + Q&z = _Qngh - 2”51; = _27157 (618)

where @ is the Ricci operator, such that S(X,Y) = g(QX,Y).
From (3.1), (3.9), (6.17) and the fact that Q® = ®Q, for a para-Sasakian Finsler manifold E, we
have

S(®X, DY) = Sy (BX, BY) + Su (B X, BY)
= g(QPXn, PYr) + g(QP Xy, PY)
= —g9(QXn, Yn) + 1u(Ya)g(QXn, n) — 9(QXw, Yo) +10(V2)g(Q X0, §0)
= =S(X,Y) = 2n{na(Xn)nn (Yn) + 170 (Xo)n0 (Yo) }- (6.19)

Proposition 6.3. The curvature tensor of a paracontact metric Finsler manifold E satisfies

R(6,X,Y, Z) = —(V%Q)(Yn, Zn) + g(Xn, (Ve ®H) Z1) — g(Xn, (VEOH)Y:)
— (VX)) (Yo, Zo) + 9(Xo, (VY OH) Zy) — g(Xo, (VZOH)YL). (6.20)

Proof. From (5.14), for VX, Y, Z1, &, € Ny, We have
Ru(Y, Z)én = R(Yn, Zn)én = V¥ V560 — V5V 6n — Vv, 2,16n
= (VY®H)Zn — (VEOH)Y — (Vi) Z), + (VD) Y
and from (3.10) and (5.18), we have
(V%) (Y, Zn) = V% (Q(Yn, Zn)) — QY% Y, Zn) — Q(Yn, Vi Z)
= 9(Yi, (VX ®)Zn) = —1n(Ya)9(Xn, Zn) + nu(Zn)g(Xn, Yn)-
Thus, from (5.18), we obtain that
R(&n, Xn, Yn, Zn) = g(R(&n, Xn)Yn, Zn) = g(R(Yn, Zn)&n, Xn)
= g((V¥®H) Zn, Xp) — g(VZOH)Ya, Xn) — (VX Q)(Yn, Zn).
Similarly, for VX, Y,, Z,, & € EY, we have
R(&y, X0, Yy, Zy) = g(VYPH) Zy, Xo) — g(VZ®H)Y,, Xo) — (VX Q) (Yo, Zy).
Hence, from
R(€,X,Y,Z) = g(R(§, X)Y, Z) = g(R(Y, Z)§, X)
= g(Rh(Yv Z)§h7 Xh) + g(RU(Y7 Z)§1)7 XV)
we have the equation (6.20). O
Proposition 6.4. On a para-Sasakian Finsler manifold E

R(X,Y,®Z, W)+ R(X,Y, Z, W)
=9(Yn, Zn)g(®Xn, Wi) = g(¥n, Wn)g(®Xn, Zn) — g(Xn, Zn)g(®Yn, Wh)
+ 9(Xn, Wh)g(@Yn, Zn) + 9(Yo, Z0)g(2Xv, Wo) — g(Yo, Wo)g(® X0, Zy)
— 9(Xv, Z)g(®Yy, Wy) + g(Xo, Wo)g(PYo, Zy) (6.21)
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and

R(®X,®Y, 82, ®W) — R(X,Y, Z, W)

=0n(Xn)n(Wh)g(Yn, Zn) + 00 (Yn)n(Zr)g(Xn, Wh) — nn(Ya)nn (W) g(Xn, Zn)

= (Xn)0(Zr)g(Yn, Wh) + 100 (Xo )10 (W) g(Yo, Zo) + 10 (Yo )00 (Z0)g(Xo, W)

— 0 (Yo)ne (W) 9(Xo, Zo) — 10 (Xo) 10 (Z0) g (Y, Wh). (6.22)
Proof. ForVXn,Yn, Zn, Wh, & € Ny,

R(Xn,Yn, Zn, Wi) + R(Xn, Ya, Zn, PWh) = g(R(Xn, Yo)PZn, Wi) — g(R(Xn, Ya)PWh, Z4).
From (5.17) and (5.18), we have
R(Xn,Yn)®Zy = g(Yn, Zn)®Xn — 9(Zn, ®Xn)Yn — g(Xn, Z1) Y},

+ g(Zn, ®Yr) Xy + PR(Xn, Yr)Zn, (6.23)
and
R(Xpn, Y)Wy, = g(Yh, Wi)®X — g(Wh, 8X5) Y — g(Xn, Wa)®Y),
+ g(Wh, ®Y3) X, + OR(Xn, Yi)Wi,.
Thus we get

R(Xn,Yn,Zn, Wr) + R(Xn, Yn, Zn, ®PWh) = g(Yn, Zr)g(®Xn, Wh)
—9(Yn, Wn)g(®Xn, Zn) — g(Xn, Zn)g(®Yn, Wa) + g(Xn, Wr)g(®Yn, Zn)
and similarly, for VX, Yy, Z,, Wy, & € EY , we get
R(Xv,Ys, 2y, W) + R(Xv, Yo, Zov, ®W,) = g(Yo, Z4)g(PX,, W)
= 9(Yo, Wo)g(® Xy, Zy) — g(Xv, Z0)g(®Ye, W) + g(Xo, Wo)g(PYo, Zu).
From the last two equations and
R(X,Y,®Z,W) + R(X,Y, Z,®W) = g(R(X,Y)®Z,W) + g(R(X,Y)Z, W)

= g(R(Xn, Yn)®Zn, Wi) + g(R(Xy, Yy )®Z,, Wy)
+ g(R(Xn,Y3) Zn, ®Wh) + g(R(Xy, Vo) Zy, DW,),

(6.21) yields.
From (6.21), for VX, Yy, Zn, Wi, € Ny,

R(®Xp, ®Yn, D21, PWh) + R(PXp, PYh, Zn, <I>2Wh)
= —g(®Xp, <I>2Wh)g(¢)Yh, Zn) + g( X3, 921)g(PYr, PWh)
— g(®Yh, PZr)g(PXn, PWh) + g(PYh, <I>2Wh)g(<I>Xh, Zh)
and from the last equation, (3.1), (3.8),(6.9) and (6.23), we have
R(®Xp, @Y, 921, Wh) — R(Xh, Yn, Zn, Wh)
= 1n (Yn )1 (Zn)g(Xn, Wh) — 1 (Ye ) (Wh)g(Xn, Zn)
= N (Xn)Nn(Zr) g (Y, Wr) + 10 (X0 )10 (Wh)g(Yn, Zn). (6.24)
Similarly, for VX, Y,, Z,, W, € EY we get
R(®X,,®Y,,®Z,,dW,) — R(Xy, Yy, Zy, Wy)
= 10 (Yo)10 (Z0) g(Xo, Wo) = 0o (Yo )10 (Wo) g(Xo, Z)
= 1o (X)) (Z0)g(Yo, Wo) + 10 (Xo )10 (Wo)g (Yo, Z). (6.25)
Taking into account (6.24) and (6.25), we obtain the equation (6.22). O
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7 Ricci Semi-Symmetric Para-Sasakian Finsler Manifolds

Definition 7.1. A (4n+2)-dimensional Finsler manifold is called horizontal Ricci semi-symmetric (resp.
vertical Ricci semi-symmetric), if the horizontal Ricci tensor S}, (resp. vertical Ricci tensor S,,) satisfies

Rin(X,Y)Sy =0, VXn,Ys € N, (resp. R,(X,Y)S, =0, VX,,Y, € EY). (7.1)

A Finsler manifold is said to be Ricci semi-symmetric if it is both horizontal and vertical Ricci semi-
symmetric.

Definition 7.2. A Finsler manifold is said to be Einstein Finsler manifold if its Ricci tensor S is of the
form

where ) is a constant.
Theorem 7.1. A Ricci semi-symmetric para-Sasakian Finsler manifold is an Einstein Finsler manifold.

Proof. Let us suppose that Rx(X,Y)Sr = 0 for VX4, Ysr € Ny. Then, from
(Rh(XaY)Sh)(Ufh Vh) = 7Sh(Rh(X7 Y)Uha‘/h) - Sh(Uh7Rh(X7 Y)Vh)7 VU}U Vh S Nu

we have
S}L(R}L(X7 Y)Uh7 ‘/}L) + S}L(U}La R}L(X, Y)‘/h) =0.

Replacing Uy, by &, € N, in this equation, from (6.9) and (6.17), we get
Nn(Xn)Sh(Yn, Vi) = i (Ya) Sn(Xn, Vi) — 2n(nn (Yr)g(Xn, Vi) — nn(Xn)g(Ya, Va)) = 0. (7.3)
Putting X}, = &, in (7.3) and using (6.17), we obtain that
St (Y, Vi) = —2ng(Ys, Vi).
Similarly, if we suppose that R, (X,Y)S, = 0 for VX,,Y, € EY, then we have
Sy (Ry(X,Y)Us, Vi) 4 Su(Us, Ry(X,Y)V,) =0
and after the necessary calculations we obtain that
Sy (Y, Vi) = —2ng(Yy, Vy).
So, we have
S, V) =8, V) + S,(Y,V) = =2n(gn(Y, V) + gu (Y, V)) = —2ng(Y.V)

and therefore, a Ricci semi-symmetric para-Sasakian Finsler manifold is an Einstein Finsler manifold.
O

8 Para-Sasakian Finsler Manifold with 7-Parallel Ricci Tensor

Definition 8.1. The Ricci tensor S of a Finsler manifold E is called n-parallel, if it satisfies
(VxS)(®Y,9Z) =0, (8.1)

forall X,Y, Z € x(E).
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Proposition 8.1. A para-Sasakian Finsler manifold E has n-parallel Ricci tensor if and only if
(Vx9)(Y, Z)
= 2n{g(Yn, 2Xn)nn(Z1) + 9(Zn, @Xn)10 (Yn) + g(Yo, @Xo)10(Z0) + 9(Z, X0 )10 (Yo)}
= (Yn)Sh(Xn, ®Zr) — nu(Zn)Sh(PYn, Xn) — 10 (Ye)So(Xo, PZy) — 190 (Zy)Su(PYy, Xy).
Proof. Let us suppose that the para-Sasakian Finsler manifold E has n-parallel Ricci tensor. Then,
from (5.18), (6.17), (6.19) and (8.1), after long computations, we have
0= (VxS)(Y,8Z) = (Vi Sh)(PYh, DZn) + (Vi Sn)(BYh, DZ)
+ (V%S (®Y,, BZ,) 4+ (VS (®Y,, DZ,)
= V& (Sh(®Yn, ®Z1)) — Sn(Vix (®Yh), ®Z1) — Sh(PYh, Vi (P Z4))
+ V% (Sh(®Yh, ®Z1)) — Sh(Vi (®Y4), ®Z,) — Sh(®Yh, Vi (PZ1))
+ VX (S0(@Ye, 82,)) — Su(Vi (9Y2), ©Z,) — Su(Y,, Vi (2Z,))
+ VX (S0 (Yo, @Z,)) — Su (VX (PY2), @Zy) — Su(PYs, VX (9Z,))
= —(VXSh)(Yn, Zn) + 2ngn (Yn, ®Xn)00(Zn) + 2000 (Yn)gn (Zn, ©X5)
= 0 (Yn)Sh(Xn, ®2Z1n) — nn(Zn) Sn(®Yn, Xn)
— (V%) (Yas Z1) = (V5 S0) (Yo, Z0)
- (V;’(Sv)(ym Zy) + 2ngy (Y:lh O X, )nu(Zy) + 201y (Y;,)gU(Zv, X,)
- nu(Yv)Sv(—X’Ua QZ’U) - nv(Zv)Sv((I)Yva X’u)
and thus, we obtain that
(V5 Sh) (Yis Zn) + (Vi S0) (Ya, Z0) + (V5 S0) (Yo, Zo) + (Vi S0) (Yo, Zo)
= 2n{g(Yn, ©Xn)nn(Zn) + 9(Zn, @Xn)nn(Yn) + 9(Yo, @Xo)10(Zs) + 9(Z0, PXo)n (Vo) }
— 0 (Ya)Sh(Xn, ®Zn) — qu(Zn)Sh(®Yh, Xn) — 10 (Ye)Su(Xv, PZy) — 10 (Z) S (PYs, Xu), (8.2)
which completes the proof. O
Now, let {E}, Ei} be an orthonormal basis of x(E). PuttingY = Z = E' in (8.2) and taking
summation over the index i, we get
2n+1 . . . . . . . .
> AVESK) (B, Er) + (Vi S) (Bh, Er) + (Vi Su)(BL, By + (Vi So)(Br, EL)y = 0. (8.3)
=1
Furthermore, the scalar curvature of a Finsler manifold is given by
4n+2 ) ] 2n+1 ) ] ) ]
r= " S(E'E)= > {Su(E' E')+S.,(E' E)}.
=1 =1
Thus, from (8.3) we get
2n+1 ) ] ) )
dr(X) = Vxr =Y {Vx(Si(E", E") + Vx(S.(E', E'))}
i=1
= > {VX(Sh(E', EY) + V& (Sh(E', EY)) + V& (S.(E', ")) + VX (S.(E', E")}
i=1
= > {(V%S)(Ei, E) + (V5%Sn) (i, Er) + (Vi S0)(Ey, Ey) + (V%S0 (B, B}
i=1

=0.
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Hence, we have

Theorem 8.1. The scalar curvature of para-Sasakian Finsler manifold E with n-parallel Ricci tensor
is constant.

9 Conclusion
Here, we give some characterizations about almost paracontact, almost paracontact metric,

paracontact metric, K-paracontact and para-Sasakian Finsler structures on vector bundles and we
give two classifications for para-Sasakian Finsler manifolds, which are useful for contact geometry.
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