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The quantum tunneling radiation of fermions with arbitrary spin at the event horizon of Kerr-de Sitter black hole is accurately
modified by using the dispersion relation proposed in the study of string theory and quantum gravitational theory. The derived

tunneling rate and temperature at the black hole horizons are analyzed and studied.

1. Introduction

Lorentz dispersion relation has been regarded as the basic
relation of modern physics, which is related to general relativity
and quantum field theory. However, the development of
quantum gravity theory shows that Lorentz relation must be
modified in the high energy field. The dispersion relation
theory in the high-energy field has not been established and
needs to be further studied. Nevertheless, it is generally
believed that the magnitude of such correction is only the
Planck scale [1-10]. The dynamical equation of the spin-1/2
fermion is the Dirac equation in curved space-time, while that
of spin-3/2 fermion is described by the Rarita-Schwinger
equation in curved space-time. In 2007, Kerner and Mann et
al. proposed to study the quantum tunneling of spin-1/2
fermion using semiclassical theories and methods [11, 12].
Subsequently, Yang and Lin studied the quantum tunneling of
fermions and bosons applying the semiclassical Hamilton—
Jacobi method, and found that the behaviours of fermions and
bosons could both be described by one same equation—
Hamilton-Jacobi equation, and studied the quantum tunneling
radiation of various black holes with the Hamilton-Jacobi
theory and method [13, 14]. In the process of studying the
thermodynamics of black holes, it is worth mentioning that
Banerjee and Majhi et al. put forward Hamilton-Jacobi
method beyond the semiclassical approximation to modify
the quantum tunnelling of bosons and fermions, and then
studied the temperature, entropy, and other physical quantities
of black holes [15, 16]. Zhao et al. conducted effective research

on Hawking radiation of various black holes [17-19]. What is
worth studying is that Parikh and Wilczek corrected the
particle tunneling rate at the event horizon of the black hole
by taking into account the special and real situation that the
background space-time changes before and after particle
tunneling [20]. Banerjee and Majhi et al. Further developed
the mechanism of quantum tunneling through chirality
method and semiclassical approximation [21-25]. Other
scholars have also conducted a series of effective studies on
the quantum tunneling rate and entropy of various black holes
[26-43]. Science and technology are always developing and
progressing with the passage of time. The research on
theoretical physics, astrophysics and related hot topics can
always promote the continuous improvement of scientific
research and bring about knowledge innovation. Recent
studies show that the modification of Lorentz dispersion
relation is necessary to modify the particle dynamical equation
in the space-time of strong gravitational field, which is mainly
to correct the quantum tunneling of fermions or bosons at the
event horizon of the black hole, as well as the gravitational
wave equation in curved space-time can also be modified as
necessary. The purpose of this paper is to analyze the physical
quantities, such as quantum tunneling rate of arbitrary spin
fermions, black hole temperature, and black hole entropy in
Kerr-de Sitter black hole space-time. Therefore, in Section 2,
the Rarita-Schwinger equation, which is the dynamical
equation of arbitrary spin fermions, will be modified by
applying the modified Lorenz dispersion relation. In Section
3 the quantum tunneling radiation of arbitrary spin fermions
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at horizons of Kerr-de Sitter black hole, which is a rotating,
stationary, axisymmetric, and with a cosmic horizon black
hole, is studied. Section 4 includes some conclusions and
discussions.

2. From the Rarita—Schwinger Equation in Flat
Space-Time to the Rarita—Schwinger Equation
in Curved Space-Time

A modified dispersion relation on the quantum scale is given
by [1-10]

2 2 2 o« 2
po=p +m —(Lp,) P, (1)
Consider the special case of the modified dispersion relation
(the speed of light in vacuum c equals unit in the notations),
where p,and p are the energy and momentum of particle and
L is a constant on the Planck scale. When considering « = 2,
the dynamical equation of the spin-1/2 fermion is known as
the Dirac equation. In flat space-time it is expressed as
o +
(7o, + 5
In flat space-time, the more general fermion dynamical equa-
tion was expressed by Rarita—Schwinger as [44]

iL)—/ajfaJlP =0. )

(?Ma,u + %)W(xlm(xk =0, (3)

which satisfies the conditions of " P o, = 8/4‘1’0’:2 ey
= ‘I’}i‘%,_. o =0 In Rarita-Schwinger equation in flat space-
time, generalizing the ordinary differential into the covariant
differential, and the ordinary derivative into the covariant
derivative, the Rarita-Schwinger equation of arbitrary spin
fermions in curved space-time can be obtained as

m

<y‘uD;4 + h >5Utxl~~zxk = 0’ (4)

and it meets the condition of

Y Vg, = P, = Vi, = 05 (5)
where the Gamma matrix satisfies the following commutation
relation

Yy Yy = 28" (6)
and D, is the operator of covariant derivative in curved space-
time, i.e

i
D,= aﬂ +0Q,+ ﬁeAu’ (7)

where €, is spin connection in curved space-time.

According to formula (1), taking o« = 2, we can rewrite the
Rarita-Schwinger equation in flat space-time as

m

—u m

(7a.+3
For the correction on quantum scale, take o as a small correc-
tionterm o < 1, therefore, 0/y'9,y’0,¥,, _ is very small. The

] ooy

ahy‘ajfajﬁf%,__ak = 0. (8)
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matrix Equation (8) is generalized to Kerr-de Sitter curved
space-time, obtaining

(},HDM + % - ahytDtyf'Dj>‘I/aMk =0. (9)

This matrix equation can only be solved in a specific curved
space-time. For this purpose, the Fermion wave function is
set as

_ (i/h)S
lPotl-"ock - E"‘l'““ke > (10)
where Sis the action of fermion with mass 1. The line element

of Kerr-de Sitter black hole in the Boyer-Lindquist coordinates
is

ds’ = - 8, (dt - asinzedcp)2

2 2
XP
Aesinze s 2 Lfdr* 4o’
————|adt - d —+—,
+ v [a (r +a)(p]+p A7+A9
(11)

which describes a rotating black hole with a cosmic horizon,
and where

2 2 2
=r"+a”cos’0,

2
p
2
A, = (r2+a2)<1 - l—z) - 2Mr,
2
Ap=1+ ‘;—zcosze,

aZ
e (12)
where [ is the radius of curvature of the cosmic horizon.
Obviously, the event horizon r,; and the cosmic horizon r, of
this black hole satisfy the equation, respectively, as

Ar(rH) = 0’ Ar(rc) =0. (13)

From (11), (12), and (13), we can get
9,8 = j, 0,8 = —w, (14)
where w is the energy and n is a component of the generalized
angular momentum of the particles tunneling from the black
hole. The electromagnetic potential of the particles A, = 0in

this space-time can also be known from expression (11). To
solve the matrix Equation (9), suppose
I* = iy* — cwy'y,

" (15)
m,=m-o0g w.

Substituting formulas (14) and (15) into Equation (9), and
Equation (9) is simplified as

1Y0,SEy oy + M oy wy’ 0,88, .

(16)
=T%9,88, .o + M&y o, =0
From Equation (16) we can obtain
I'T%0,50,88, .o — My o =0, (17)

I*1°0,80,8, . —mMi&, . =0. (18)
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From Equations (17), (18), and (6) we can get
[gf”aysavs +m’ —2mog" o + ZiUwgtﬁaﬁSy"aMS
2 2
(g - 7o*(g") (3,5) ]Evcka =0. (19)

This matrix equation can be further simplified as

io-y‘ua}tsgcxl"-ak + mdg%"‘ak =0. (20)

where
§9,80,8 + m’ — wé

2wg™® 04S

my =
& =2mog" — *(g") w + azw(g‘ﬁaﬁS)z.
21)
Multiplying both sides of Equation (20) by —ioy*d, S, then

[ozy”y"avsaﬂs + mi]Eal,,,“k =0. (22)

The equivalent equation is

[azy“y”aysavs + mj]fal,_,ak =0. (23)

From Equations (21), (22), and (23) above, it can be obtained
that

{[g”vaﬂsavs +m’ - wé ]2 - o’m’(2wg tﬁaﬁs)z}gawak =0
(24)

The matrix Equation (24) has a nontrivial solution if the value
of the determinant corresponding to the eigenmatrix in the
equation is zero, i.e.

g“”aﬂsavs +m? - 20mw[g" (1 +w) - jg'’]

-’ [w(g") - (8") + (jg¥)'] = 0.
(25)

This equation is actually the dynamical equation of arbitrary
spin fermions in the black hole space-time represented by (11)
and (12). This is a precisely modified particle dynamical equa-
tion. When the correction term is ignored, the equation reverts
to the Hamilton-Jacobi equation for particles of mass m in
curved space-time expressed in Equations (11) and (12).
Therefore, we can think of Equation (25) as the modified
Rarita-Schwinger equation. The process of solving Equation
(25) is the process of solving Equation (9). We only need to
solve Equation (25) to find the fermion action S and conse-
quently study the characteristics of quantum tunneling radi-
ation at the horizons of the black hole.

3. Tunneling Radiation Characteristics of
Arbitrary Spin Fermions in Kerr-de Sitter Black
Hole Space-Time

From Equations (11) and (12), the values of metric determi-
nant and the nonzero components of the contravariant metric
tensor of the space-time can be calculated, respectively, as

3
g= —%p‘lsinz@,
X
2
X 2 .
g’ = s [Ae(rz +a’) - A,azsmze],
gll — A_Zr,
P
A
22 0
& = ?
)
5 _XZ(aZAesm 0- Ar>
& A A p’sin’0
03 _ 30 Xza[Ar — (72 + az)Ae]
g§ =& = A A :
BoP (26)

Substituting formula (26) into Equation (25), and Equation
(25) becomes

2 2
A [Ao(rz + a2)2 - Arazsinze] <g>

B ArAGPZ
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)
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J
ArAepz (27)

Multiplying both sides of Equation (27) by A A zp, we get
A7A <§>2 +A,A 2<§>2 +m’A A gp?
r=0 or r=0 20 BoP
_ XZ{[Ae(rz + az)z - Arazsinze]w2

j(aAgsin’0-2,) }

) 2, 2
—2a]w[A, - (r +a )Ae] + ey
+ 2m0wX2{[A9(r2 + a2)2 — Arazsinze]
4
. : (2, 2 22 X
(1 +w)+]a[Ar (r +a )Ae]} 0w s
. {[Ae(rz + a2)2 - Arazsinze]z(w2 -1)

+j2a2[Ar - (r2 + az)Ae]z} =0.

(28)



Dividing both sides of Equation (28) by A ;, we get
s \* s’
A=) +A,0, = A p?
r(ar> T4, 6<ae> tmALp
2
_ X_{[Ae(rz + a2)2 - Arazsinze]w2

Ag
2( 2N s 29—A
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2mawx2
Ag
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(29)

Near the event horizon of this black hole, Equation (29)

becomes
_ Xz[(rf{ + a2)2w2 +2ajo(ry; +a’ ) + jzaz]

aS\’
A -
(231,

+ 2maa)X2(r12{ + az)[(l + w)(rf{ + az) - ja] + O(Gz) =0,
(30)

that is
S \? Xz[(ré+a2)w+ja]2
.-

2
rory A r

roTYy

{1 2mw(r§1+a2)[(l+w)(r,2,+a2)—ja]}
d1-0

[(rﬁl + az)w + ja]2

= XZA% 1- 0'&
2 AZ >
T lrory 0 (31)
therefore,
1/2
oS XA, B,
| =t l-0—| 32
or |, r|HrH [ Al (32)
where,
Ay = (T?_I + az)w + ja
(33)

B, = me(rf{ + az)[(l + w)(rIZ_I + az) - ja].

The positive and negative signs in Equation (32) correspond
to the exit wave solution and the incident wave solution
respectively. In order to find out the fermion action S, we can
consider the solution r;; of equation A (r;;) = 0 as a singular-
ity, so we can integrate at the event horizon of the black hole
by applying the residue theorem, and then we can obtain

. Bo 1/2
L =xin|l-o0— -
Al A

r

w— jO,

-1
2 2
(r}; +a°)

Ty

Q, = -a(r} + az)fl. (34)

S +5
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According to the theory of tunneling radiation of the black
hole, Equation (34) shows that the quantum tunneling radia-
tion rate of the black hole is

w-w
T =exp [-2(ImS, — ImS_)] = exp <— T : >, (35)

where Ty, is modified Hawking temperature at event horizon,
expressed as , s
ry—2rgl —rya’l - M [1 B, ]( :
H= —0—
27'[)((@ + az) AY

2
1 B 3 B
1+-0—2+>0’( =) +
272 87\ 2

(36)
=T,

where T, is the unmodified Hawking temperature at the event
horizon of the black hole. If we ignore the terms after o,
T, =T,

It is worth noting that Equation (36) is an accurate cor-
rection based on the Lorenz dispersion relation. This is a mod-
ification of the specific theoretical basis, and a small
modification on the quantum scale. Since the result of this
correction will lead to the correction of black hole entropy,
which is related to the information of black hole, the physical
significance of this correction is worth studying deeply.

The equation satisfying the cosmic horizon r, of the black
hole is shown in (13). Similarly, by solving the dynamical equa-
tion of the arbitrary spin fermions in the space-time of the
black hole, we can obtain the fermions tunneling rate at the
cosmic horizon r, of the black hole. Similarly, we can get the
Hawking temperature at the cosmic horizon of the black hole,
which is expressed as

37-2 2,72 R
r.=2r.l" —ra’l —M|:1_GB(,]

Ty, =

12
AO

! ’ 2
1 B 3 B
=715 1+—a%+—02<%> o,
2 a7 8\ 4

where A’0 and B; can be got by changing r;; in A and B, into
1. respectively. The difference between getting formula (37)
and formula (36) is that when we integrate % s
residue theorem, we need to integrate from r, to the inner
where the researcher locates. In other words, % | _,,and g
integrate in opposite directions. T
Another important physical quantity in black hole ther-
modynamics is black hole entropy, and the modified Hawking
temperature will lead to the modification of black hole entropy.
According to the first law of thermodynamics of black holes,
the entropy S° of black holes can be expressed as

_dM -0Qd] -UdQ
= T .
For the Kerr-de Sitter black hole,
_dM - Qd]
B T

therefore, through formula (36), the modified entropy at the
event horizon of the black hole is expressed as

277)((’}2 + az) 37)

using the

rory

as’

(38)

ds’ , (39)
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S; = stfH = jds§[1 —a—‘;]
AO
2
1 B 1 B
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2 A, 8 A,

Similarly, we can obtain the modified entropy at the cosmic
horizon of the black hole, which is expressed as

(40)

r r 2
' 1 B 1 B
S =8 |1-20—5%5--0| =% | +-|. (@41
c 2 A/ 8 ’
0 0
In the above two formulas, there are relations

ds; = (dM - Vd])/T,and dS} = (dM - Vd])/T;.

4. Conclusion and Discussion

Through a series of calculations, the obtained formulas (35),
(36), and (37) show that the tunneling radiation of arbitrary
spin fermions in Kerr-de Sitter black hole space-time has been
accurately modified based on the Lorenz dispersion theory.
The result of this correction shows that when its a = 0, the
related Hawking temperature at event horizon of black hole
returns to the situation of static black hole, and when ¢ and
O(oz) terms are further ignored, the tunneling rate, black hole
temperature and other physical quantities return to the situ-
ation of Schwarzschild black hole. This further demonstrates
the correctness of the conclusions.

The conclusions of Equations (34)—(41) show that Lorenz
dispersion relation is a theory worth studying in the field of
high energy, and it also should be considered in the study of
the theory of strong gravitational field and gravitational wave.
The research on these topics can not only promote the research
of quantum gravity theory, but also promote the innovation
of theoretical physics and astrophysics knowledge.

Moreover, the above calculations show that the tunneling
rate I depends on T}, w, and w, = Q,j, but the back reaction
from tunneling particles have not be considered. Now let’s
study the effect. After the black hole emits a particle with
energy w and angular moment j, the mass and angular momen-
tum of the black hole will become (m — w) and (J — j), and we
have

d(M - m) = ~dw, d(J - j) = ~dj, (42)
so the tunneling rate is rewritten as
< dw - Qdj
I'=exp| - J —F—— | =T
Ty

o Jd(M—m)—_Qd(]—j)

] = exp (AS).
(43)

It means tunneling rate is dependent on the entropy of the
black hole, so it is a candidate solution of the information loss
paradox in black hole physics [45].

On the other hand, we do this work in semiclassical
approximation, and in which # is considered as a small

number, so that the terms with (%) in fold equation is
ignored. If we consider the effect from &'(%), the entropy of
the black hole will be modified again, and the technology is
developed in [15, 16]. We will investigate the effect in future
work.
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