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ABSTRACT 
 

The relation between earthquake and planet motion is one of topics interesting to people. Based 
on conservation law of energy, this paper proves that the energy release by earthquake 
proportions to the square of velocity of Earth’s rotation, while velocities of revolution of Earth and 
Moon remain unchanged. Furthermore, earthquake happening in pulse-mode is proved by 
Principle of minimum energy release. Testing examples of Japan 2011-3-11 earthquake, 1960 
Great Chilean earthquake, and 2004 Indonesia Sumatra earthquake show that the shortening of a 
day caused by earthquake depends on the time of earthquake lasting, the shortening, the lasting. 
 

 
Keywords: Earth rotation; conservation law of energy; earthquake energy release; Japan 2011-3-11 

earthquake; 1960 great Chilean earthquake; 2004 Indonesia Sumatra earthquake. 
 

1. INTRODUCTION 
 

Relations between earthquakes and rotational 
variations of the Earth has been the subject of 
many journal publications since 1960. The 
methods used are statistic methods, e.g., a quote 
from the abstract of Chao and Gross [1]: "An 

extremely strong statistic is found for the 
earthquakes' tendency to increase the Earth's 
spin energy; the rate during 1977 to 1993 was 
+6.7 GW, about the same as the total seismic-
wave energy release". The study of great 
earthquake of Guo and Xu [2] is also statistic 
method, using historical data, on the relation 
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between earthquake and velocity of earth’s 
rotation. A recent analysis of relationship 
between seismicity and the earth rotation is also 
using statistic method [3]. However, statistic 
method does not give the reason of the relation 
between energy release of earthquake and 
velocity of earth’s rotation, but just links the 
connection from phenomenon observation. 
Further more, earthquake is a temporal disturb, 
the results obtained by methods of using a long-
term data to a temporal action seems to be 
lacking in logical reasonability.The gravitational 
signature of earthquake, in gravity, geoid and 
geodynamic is studied [4] and the rotational and 
the gravitational signature of 2004-12-26 
Sumatran earthquake is studied in Gross and 
Chao [5]. However, no relationship between the 
velocity of Earth’s rotation and the earthquake 
scale has been established. According to the 
calculation of Richard Gross, NASA’s Jet 
Propulsion Laboratory in Calf, the Japan 2011-
03-11 earthquake shortening the length of day by 
1.8 microseconds (     [6]. He also gives the 
shortening the length of day by 1.26    for 1960 

Great Chilean earthquake and by 6.8   for 2004 
Indonesia Sumatra earthquake with the same 
model [7]. However, he does not give the details 
of model and calculation or equation linking to 
the energy release of earthquake (ERE) and 
shortening of day. 
 

The aim of this paper is to establish an equation 
linking ERE and velocity of earth’s rotation based 
on the conservation law of energy (CLE). 
 

The CLE is one of the greatest discovers in 19
th
 

century and has important use in wide fields. For 
examples, The CLE is used to prove the 
accuracy of calculation for an In-plane-hinge-joint 
rigid sloping piles’ group, where no previous 
works can be use for comparing and no 
experiment can be done [8]. The CLE is used to 
determine the seeking range of a missing plane 
MH370 [9]. The CLE is used to judge an 
investment will be success or failure [10]. Here, 
CLE is again used to establish an equation 
linking up ERE and velocity of earth rotation. 

 

2. STUDY RANGE, COORDINATES 
SYSTEM, AND BASIC HYPOTHESES 

 
We study the isolated sun-earth-moon systems. 
An isolated system is defined the system in a 
stable equilibrium state that the total energy or 
work done by external forces and internal forces 
keeps unchanged. Thus, CLE holds for isolated 
system.  
 
Cartesian coordinates and Cylindrical 
coordinates. 
 
Let         be the Cartesian coordinates with 

earth’s center at          , the z-axes, 

perpendicular to the equatorial plane     , be 
the earth’s rotating axis with z = 0 at     . 

 
Let         be the cylindrical coordinates of the 
geometric center of the earth. The relation 
between (x, y) and       is: 

 

 
        
         

                         

(2-1)  

 
Basic Hypotheses. 
 
A spherical earth with spherical-symmetry, 
continuously fully filled liquid mantle. 

 
3. THE METHOD OF ANALYSIS 
 
3.1 The CLE States that the Change of 

Energy of an Isolated System is Zero 
 

            ,                                 (3-1) 

 
where                   ,            

      ,               ，are the change of 

kinetic energy, potential energy and heat and 
electromagnetic energy respectively; C is a 
constant;    is the time just before earthquake,    
is the time at earthquake over. 

 

3.2 The Change of Kinetic Energies in Sun-Earth-Moon System 
 

(1) The change of kinetic energy of earth’s rotation    
 
The change of kinetic energy for earth rotation is: 
 

                    =                             
  
  

  
 

  

 
 

     
  

 
                           

  
 

      
        

         
  

 
             

  
 

,        (3-2)       
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where            is mass density;          is the rotation angular velocity of the crust. The 

appendix shows          is a constant and can be moved out of the integral sign;       
    , 

a point on        of crust.    
                                   
By continuity, using theorem of mean value of integration twice, we can move   out of the integral 
sign, then (3-2) becomes: 

 

         
        

        
   

  

 

     
  

 

 

 
 

 
   

        
        

   
     

  

 
  

  
 

 
  

   
 

 
   

        
        

    ,                         (3-3) 

 

   
  

 
  

  
 

,                                                                                                                   （3-4） 

 

where                 is the radius of the 

earth;                   is the mass of the 
earth,  

 
is the mean value of mass density, 

which can be calculated by (3-4).  
 
(2) The change of kinetic energy of Earth 

revolving around Sun 
 

The kinetic energy of Earth revolving around Sun 
     is: 
 

     
 

 
     

     
 

    
    

 
   ,               (3-5) 

 
where            is the distance between 

centers of earth and sun.          and    are 
the velocity and angular velocity of earth 

revolved the sun respectively.    is the mass of 

earth.  
 
By the equilibrium equation of centrifugal force 
and force of universal gravitation, 
 

      , we have 
 

  
 
 

   
  

    

   
 ,                                        (3-6) 

 
where G is gravitational constant;    is the mass 
of sun. 
 
Substituting (3-6) into (3-5), we have 
 

     
 

 
 

    

   
,                                         (3-7) 

 
                         ,                (3-8) 

 
Since           are the same in        , then we 
have: 
 

           ,                                            (3-9) 

Eq. (3-9) shows that the velocity of earth 
revolved the sun keeps unchanged during 
earthquake. 
 
(3) The change of kinetic energy of Moon 

revolving around Earth 
 
The kinetic energy of Moon revolving around 
Earth      is: 
 

     
 

 
     

     
 

    
    

    ,       (3-10) 

 
where            is the distance between 

centers of earth and moon.          and   are 
the velocity and angular velocity of moon 
revolved the earth respectively.    is the mass 
of moon. 
 
By the equilibrium equation of centrifugal force 
and force of universal gravitation,  
 

      , we have 
 

  
  

   
  

    

   
 ,                                   (3-11) 

 
Substituting (3-11) into (3-10), we have 
 

     
 

 
 

    

   
,                                     (3-12) 

 
                         ,          (3-13) 

 
Since               are the same at          , 
then we have 

 
            ,                                        (3-14) 

 
Eq. (3-14) shows that the velocity of moon 
revolved the earth keeps unchanged during 
earthquake. 
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3.3 The Change of Potential Energy    in 

Sun-earth-moon System 
 
Common type of potential energy includes: 
gravitational potential energy, deformation 
energy and electric potential energy, etc. 
 
(1) The gravitational potential energy     

 
The potential energy in atmosphere involved 
gravity, buoyancy, centrifugal force and lateral 
buoyancy is considered in [12]. However, the 
gravitational potential energy     inside the earth 

is unknown yet, therefore its calculation is 
difficult.   
 
(2) The deformation energy         
 
One can calculate the deformation energy 
theoretically by definition, the displacement -
strain relation, the constituting equation and the 
equilibrium equation. However, the theoretical 
calculation of the default deformation energy is 
nearly impracticable. 
 
(3) The heat and electromagnetic energies    

 
The calculation of    is also nearly impossible. 

Since the individual calculation of    ,        , 

and    at a critical state of earthquake is nearly 

impossible, why not try to instead of these 
calculation by measuring the total value K of 
ERE ? That is, measuring K,  
 

                        ,        (3-15) 

 
If        , it means no energy release, the 

system is in an equilibrium state.   
 
To understand the sudden released of the stored 
deformation energy K, using a common tensile 
breaking test is best. A pair of tensile forces F 
apply to two ends of a testing specimen. The 
work done by forces F on elongation of the 
specimen is stored in deformation energy K. 
When the specimen broken, the stored energy is 
suddenly released and transferred by impacting 
to the testing frame with loud impacting sound, 
which likes an earthquake of suddenly breaking 
in some place of a plate. Similar laboratory test 
for seismic energy release can be found in [11]. 
  
Let the measured ERE between         be K (j), 
then 
 

           ,  (Joules)                  (3-16) 

Substituting (3-3) into (3-16), we have 
 

  
        

        
  

    
 ,                   (3-17) 

 
If        , then,   

        
     , by (3-16), 

C = 0.Then (3-17) becomes: 
 

  
        

       
  

    
 ,                      (3-18) 

 
where     , defines the system losing energy, 
or releasing energy;     , defines the system 

absorbing energy. Eq. (3-18) shows that     , 

  
        

     , the rotation velocity is 
increasing during earthquake. 
 
Eq. (3-18) is one of main results of this paper. It 
states that the square of changing of earth 
rotation velocity is proportion to the release 
energy of the earthquake. It is a conservation law 
of energy that the release energy of earthquake 
is converted to the kinetic energy of earth 
rotation. 
 

3.4 Principle of Minimum Energy Release 
(PMER) 

 
Here, we state the so-called Principle of 
minimum energy release as that if there are 
many possible paths to reach a goal, the actual 
carried out (or the best) path is that one which 
releases minimum energy. 
 
Now, we use PMER to prove the mode of ERE is 
a pulse-mode in a short time interval. 
 
Rewrite (3-18),  
 

    
        

       
  

    
 ,                (3-19) 

 
From the right hand side, Y represents releasing 

energy. Construct a path function         
    , 

such that 
 

         
  
  

    
    

  
  

  ,                   (3-20) 

 

There are many paths      or      , satisfying (3-
20). For example, a straight line or a curve line 
from    to   . The actual one should be the 
minimum release of energy.  
 

Proof: 
 

This is an optimization problem, i.e., 
 

     
          

      
  
  

,                  (3-21) 
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The necessary condition for this problem to be 
optimum is: 
 

  

   
  ,                                                   (3-22) 

 
Then, we have 
 

       
      

  

  
  

    ,                           (3-23) 

 
Since       can be arbitrary chosen, by Newton-
Leibniz formula, the integrand of (3-23) must be 
zero.        , then, we have 
 

                       （         (3-24) 
 

            ,                                (3-25) 
 
Eqs. (3-24), (3-25) show that       is a broken 
line: for（        , 
 
             ; for       ,             . That 
means that the earthquake releases energy 
suddenly at        in a short time interval like 
few seconds or minutes, i.e., in a pulse-mode.   □ 
 

4. DISCUSSION 
 
Question 1: Why the velocity of Earth rotation 
is increasing , while the velocities of Earth 
and Moon revolution remain unchanged 
during an earthquake? 
 
Answer: during earthquake, the system releases 
energy, according to CLE, the system must 
increase its kinetic energy, i.e., increasing the 
velocity of earth rotation to keep constant of the 
system’s energy. Since the velocities of earth 
and moon revolution are determined by 
equilibrium equations (3-9) and (3-14) 
respectively, and they are independent to ERE, 
therefore they keep unchanged. 
 
Question 2: Why a larger earthquake usually 
happened to be at few seconds or minutes? 
 
Answer: According to PMER, if there are many 
possible paths to reach a goal, the actual one is 
that which releases minimum energy. The pulse-
mode is the mode with minimum energy release. 
 

5. TESTING EXAMPLES OF 
CALCULATION 

 
We use 3 examples of earthquakes to test the 
calculation. 

5.1 The Japan 2011-03-11 Earthquake, 
      ,         ;          

 
5.1.1 The formula of calculation of release 

energy of earthquake 
 
There are various earthquake scaling laws [13]. 
Here, we use the formula of Hanks & Kanamori 
[14] to calculate ERE, where assuming constant 
stress drop, Kanamori defines the moment 
magnitude    based on the empirical relation 
between surface wave and seismic energy 
change    [15],[16]: 
 

               ,                            (5.1-1) 
 
Where    is the change of the seismic energy in 
Joules. 
 
Simplicity is the reason of why we choice Hanks 
& Kanamori’s formula (5.1-1). 
 

Substituting        into  (5.1-1), we have 
 

          ,                                         (5.1-2)  
       

then              , (Joules). 
 
Where    is equal to     of this paper, i.e., 

 
        ,                                        (5.1-3) 

 
Substituting (5.1-3) into (3-18), we have 
 

   
        

          
          

            ,                                          (5.1-4) 
 

Where                 ;          
        .            

      ,         ,   
       

  

        
 
 

 

                 , 
 

                          ,          (5.1-5) 
 

                          ,           (5.1-6) 
 

The above calculation shows that the influence 
calculated by formula (5.1-1) on the change of 
rotation velocity is two small. In order to compare 
with the results obtained by others, we use a 
modifying formula of (5.1-1). 
 
5.1.2 Modifying formula of Hanks & 

Kanamori’s formula  
 

         
   ,                                  (5.2-1) 
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Where parameters A, B, C are large, middle and 
small adjustors respectively. 
 
Since the Hanks & Kanamori’s formula is based 
on the empirical relation between surface wave 
and seismic energy change    [15, 16], which is 
reflected only a small part of earthquake energy 
release, therefore herein, according to the 
comparing with results of Gross, we choose A=2, 
B=1.5, C=4.3 enough to emphasizes the release 
energy of earthquake. 
 

           
     ,                             (5.2-2) 

 
Repeating the process in section 5.1 with (5.2-2) 
instead of (5.1-1), we have 
 

          ,                                         (5.2-3) 
 
Then                      . Substituting    
into (3-18), we have 
 

                          ,          (5.2-4) 
 

  
                          ,        (5.2-5) 

 
                           ,         (5.2-6) 

 
In order to compare with the result reported 
by Richard [6], let us change the above data 
to the time of one day. One cycle of 
revolution for initial velocity        needs 
time :   
 

   
  

             
                   , (5.2-7) 

 
Let us try a nearly a pulse-mode, i.e., in a time 
interval        , from  
 

   to               , the earth rotates with 

      ; from    to 
 

  , the earth rotates with       .  
 

If             , then the earth only rotates 12 

(s) with       , the other time of a day rotates 

with       . 
 

In the time interval            , the Earth 
rotates an angle 

  
                           

                        
               ,                             (5.2-8)          
 

After   , the Earth rotates with initial velocity 

      , the total time for one day is: 

      
     

             
           

            

             
 

                      ,                      (5.2-9) 
 

                           

         ,                                           (5.2-10) 
 
If            , similar calculation, we get 

                  

 

             ,       
            

             
     

                            , 
 

                         ,       (5.2-11) 

 
Eq. (5.2-10) shows that the shortening of time of 
one day reaches 3.948   . Eq. (5.2-11) shows 
that the shortening of time of one day reduces to 
0.29519     . Which is near that of Gross 1.8 
    .The result shows that the shortening of one 
day depends on the time of earthquake lasting 
       . The shorten the        , the shorten the 
day.  
 

5.2 The 1960 Great Chilean Earthquake, 
1960-5-21, 15: 0, Mw = 9.5 

 
In order to compare different Mw of earthquakes, 
we use the same calculating formula, and the 
same earthquake lasting time. Substituting Mw 
into (5.2-2), we have           ,          
     (J). 
 
Substituting      into (3.18), we have 
 

                          ,          (5.3-4) 
 

  
                            ,    (5.3-5) 

 
                          ,           (5.3-6) 
 

   
  

             
                   ，       (5.3-7) 

 
If             , then the earth only rotates 12 

(s) with       , the other time of a day rotates 

with       . 
 
In the time interval            , the Earth 
rotates an angle 
  

                                      

            

               ,                             (5.3-8)             
 
After   , the Earth rotates with initial velocity 

      , the total time for one day is: 
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                                     , 

                                             

          ,                                                                                                                         (5.3-9) 
 

If            , similar calculation, we get                   

               ,                                                                                                         (5.3-10) 
 

      
     

             
            

           

                                                 (5.3-11) 

 
                                               

              ,                                                                                                              (5.3-12)  
 

5.3 The 2004 Indonesia Sumatra Earth 
 
       . The data and calculating formula are 
the same as Section 5.1.  

 
5.4 The 2008 Sichuan Earthquake 
 
1960-5-21, 15: 0, Mw = 8.0. .For space reason, 
we do not discuss this case. 

 
6. CONCLUSION 
 
Using the modifying Hanks & Kanamori’s formula 
to represent the release energy of earthquake, 
we can obtain the expect results of large Mw 
earthquakes. Which can be used to compare 
with others’ results, e.g., the results of Gross of 
shortening a day by 1.8      for Japan 2011 

earthquake, 6.9      for 2004 Indonesia Sumatra 

earthquake and 1.26       for 1960 Great 
Chilean earthquake. All examples show that the 
shortening of a day depends on the time of 
earthquake lasting, the shortening, the lasting. 
Based on conservation law of energy, this paper 
proves that the energy release by earthquake 
proportions to the square of velocity of Earth’s 
rotation. Furthermore, the pulse mode of 
earthquake is proved by PMER .The results 
show that during an earthquake, the Earth’s 
rotation increases, while the velocities of 
revolution of Earth and Moon remain   
unchanged. 
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Appendix 
 
Rotating angular velocity of a point of mantle due to Earth rotation  
 
Proposition:  The rotating angular velocity of a point of mantle is equal to that of crust of Earth. 
 
Proof:  Suppose that the rotating angular velocity    of a point N(r, 0, z) of mantle is different to that 
   of a point C(r+dr, 0, z) of crust, say,       , then, a friction force           exists between C(r+dr, 

0, z) and N(r, 0, z), such that           blocks    meanwhile drags   , until 

     . Similarly, the rotating angular velocity of a point of mantle is equal to that of its 
neighborhood.                                                                                                                                         □  
 
Vitae 
 
Tian-Quan Yun, b 1936-06-06,1957 grad Civil Eng , SCIT.1957-1997 asso Prof –Prof of HUST, SCUT. 
1997 retired. Fields: Math, Mech, Civil Eng, Compu. Economy, Atmospheric Sci, Geophysics.  

 

© 2019 Yun; This is an Open Access article distributed under the terms of the Creative Commons Attribution License 
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, 
provided the original work is properly cited.  
 
 

 

Peer-review history: 
The peer review history for this paper can be accessed here: 

http://www.sdiarticle3.com/review-history/49457 

http://creativecommons.org/licenses/by/2.0

