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Abstract

A Fourrier Petrov Galerkin spectral method is described for high accuracy
computation of linearized dynamics for flow in a circular pipe. The code used
here is based on solenoidal velocity variables. It is written in FORTRAN. Sys-
tematic studies are presented on the dependence of eigenvalues and other
quantities on the axial and azimuthal wave number; the reynolds’ number Re
and a new none-dimensional number Ne. The flow will be considered stable
if all the real parts of the eigenvalues are negative and unstable if only one of
them is positive.
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1. Introduction

The flows in the pipes are presented in several industrial applications such as
heat exchangers, chemical rectors, gas turbine cooling and heating systems and
combustion chambers or mixing systems.

Magnetic body forces act on all materials but are generally very weak for pa-
ramagnetic and diamagnetic materials. These forces derive from a specific mag-
netic energy acquired by the material in the presence of an applied magnetic
field.

The effects of intense magnetic fields on matter are indeed multiple and arouse
the curiosity of researchers. Quantum [1], thermodynamic [2], mechanical [3]
[4] effects that are imperceptible at low fields are observed in matter under strong

magnetic fields. The term magneto-science is sometimes used to group together
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all the fields application.

One of the fields of magneto-science is the study of fluids under intense mag-
netic fields. The outstanding applications generally concern magnetohydrody-
namics and magnetic levitation. In the first case, the fluid is necessarily driver.
Currents that flow through fluid placed in magnetic fields intense generate Lap-
lace forces allowing the movement of the fluid. In the second case, the fluid used
has no magnetic or electrical properties particular. Volume magnetic forces created
by magnetic devices make it possible to locally compensate for gravity and thus
to maintain in levitation a fluid over a given volume.

The magnetic volume force can act on the flow of the liquid provided that the
term associated with the volume forces is of the same order of magnitude as the
other terms of the equation. We carry out a dimensionless study of this problem
to show that it is possible to act on the flow of the fluid which we consider as
being Newtonian and not conductive.

Existing superconducting devices that act on dia- or paramagnetic non-con-
ductive liquids are system designs for magnetic levitation. They most often result
from a problem of inverse synthesis: starting from a desired force field (the un-
iformity of the force field over the largest volume is often the greatest objective),
the magnetic field is determined as well as associated magnetic field sources. We
are interested in the effects that volumetric forces can have on the flow of a fluid
and more particularly on the stability of the flow of such a fluid.

The objective of this work is to study the nature of the instabilities introduced

by the presence of a magnetic field.

2. Equations Governing the Flow and Study Strategy

To fully account for the effects generated by the stress of magnetic actions, we
will first consider the flow of Newtonian fluid in absence of magnetic field. The

equations governing such flow are given by the system below.

divu=0 W
p{ou+(u-V)ul=-Vp+nAu+ pg

Secondly, we apply a surface and ortho-radial current density to the surface of
the cylinder ( j = j-e,). Assuming that the stress of the magnetic actions has a
longitudinal component, one can imagine a modification of the velocity u and
pressure p fields such as u, =u+uU" et p,=p+p The equations governing
this new flow are as follows:

divu,, =0

divB=0
(2)

2
P18y +(Uy V) U, | ==V, +7AU, + pg +lV[B7j
Ho
By subtracting from this system, that satisfied by the Newtonian fluid not sub-

jected to any magnetic field, it comes:
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divu’'=0

divB=0
(3)

2
plou +(u-V)u'+(u-V)u'+(u'-V)u} = —Vp'+nAu’+iV(B7]
Hy
In order to generalize the study to several situations, we introduce the dimen-

sionless parameters

pz_pz; f=—2,V=RV;B=— (4)
By replacing each variable by its expression in the previous system, we obtain

the following dimensionless equations:

divd'=0
divB =0
1 1 ofB? ®
00" +(0'- V)0 +(0-V) ' +(0"-V) G} =-Vp'+—Al'+—V| —
o +(@ 90 +(0:9) +(9)a) =55+ o L9 2
uR
Re =200 ©6)
n
is the Reynolds’ number. It is the ratio of inertia effects to viscous effects.
BZ
Ne = =2 (7)
PHU,

is a dimensionless quantity, ratio between the magnetic effects and the effects of
inertia.

Consider the dimensionless number defined by
ZRB;
Tty

Ka = NexRe = (8)

This number then represents the ratio between the magnetic effects and the

viscous effects. System (5) can then be written as follow:

divd’' =0
divB =0

1 1(B? ®)
0,0’ = —[(l]’-V)L]’+(L]~V)G'+(l]'~V)ﬁ]+R—eAﬂ’+V(N—e(7j—Vﬁ’]

Evaluation of the Stress of Magnetic Effects

The fluid being neither charged nor conductive, we have the relation

rotB =0 (10)
knowing that
B = rotA (11)
A being the vector potential.
rot(rotA) = grad (divA)-AA=0 (12)
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We are using a stationary current distribution here. The Lorenz’s gauge con-

dition entails
divA=0. (13)
We can then determine A using the relation

AA=0. (14)

The solenoid is considered very thin, it’s radius R and the surface current

density is of the form
i(2)-8, = Jqsin(kyz)-€, (15)

The problem is invariant by rotation around e, . The magnetic and mechani-
cal quantities therefore only depend on r and z any plane containing e, and

€, is an antisymmetry plane. The potential vector A is perpendicular to the

antisymmetry planes and will therefore be according to €, only. We will de-
note it A,. The magnetic field belongs to the antisymmetry planes and will con-
sequently have components according to €, and e,.

In cylindrical coordinate

o’A, 0*A, 10A, A,
AA, =0= + +——F-—=0 16
& ot o rod r? (16)
as B =rotA
0
B:_%.e +1ﬂ.e (17)

6z " r or 7

We will denote by “int” the inside of the solenoid and by “ext” the outside.
The continuity of the normal component of the magnetic field at r=R is

(G(Aa)imj :((GAH)MJ (18)
oz . oz .

The discontinuity of the tangential component of the magnetic field at r =R

written:

imposes
(Bint_Bext)'ez =ﬂ0‘]05in(koz) (19)

The vector potentials inside and outside the solenoid are respectively in the
form:

We will notice in the following that:

That is

A, OPw (2.2
?+r7—(k0r +1)Am =0 (20)

r.2
On the outside, a procedure similar to that adopted on the inside of the cy-

linder gives:

2 82 '%xt +r aA%xt
or? or

-

~(kgr* +1) A, =0 (21)

These equations are modified Bessel equations of order 1. They admit as a so-
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lution
A :ﬂ|1(kor); A :5K1(kor) (22)
The border crossing conditions are written:
Afmt(koR)z A:xt(koR) (23)
C C
ﬁz?Kl(koR);dzyll(koR) (24)
where Cis a constant
C C . c C
A, = l Ky (koR)x 1, (ko ); Asg = M 1, (koR)x Ky (Kor) (25)
luO'JO (26)

© =1 (R)xK, (KR)+ 1, (kR) Ky (KR)

We obtain respectively inside and then outside

C .
- =?Kl(k0R)>< 1, (kor)sin(k,z)e, (27)
C .
A, =?|1(koR)>< K, (kor)sin(ko,z)e, (28)
From the expressions of A, we draw those of B inside and outside the so-
lenoid
—CK, (koR) 1, (k k
Bim _ 1( 0 ) 1( Or)-cos( OZ) (29)
CK, (koR) 1, (kor)sin(k,2)
—Cl, (koR) K, (kr)cos(k,2) (30)
" =Cl (kgR) K (KT )sin (ky2)

The volume magnetic force inside the solenoid is:

r

cos’ (k,2) Il(kor)J

2C%K, (k,R)* Il(kor)(klo(kr)—

— 0 (31)

24ty 2, 2 2 2
€, sin (2k,2) Ky (kR)” (1o (Kor)* =13 (Kor )7
Magnetic fied lines Vector magnetic fields inside the cylinder
p « | s —
54 5
4 4
N 3 N 3
21 2
11 1
0.0 02 04 . 06 08 1.0 0.0 02 04 . 06 038 1.0
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r

cosz(koz)Kl(kOr)J

-2C?%1, (k,R)" Kl(kor){kolo(kor)—
for o X 0 (32)
245 . 2 2 2
C?k, sin(2kyz) 1, (kyR) (Ko(kor) - K, (kor) )

The tensor of the magnetic actions in the solenoid is given by:

ITTDZZ2= 0|

RN = | FEEEES
zwil_lm{{\w///////% DI SR

LSS RN I
0.0 02 0.4 R 0.6 0.8 1.0 0.0 0.2 0.4 or 0.6 0.8 1.0

On the outside

{= }_;(C2|1(kOR)2[ 2K, (k,r ) cos? (k,2) K, (kr) Ko (kor)sin(2k,z)

extr & [ = , ji={r,z} (33)
241 Ky (Kor ) Ko (Kor)sin(2kyz) 2K, (kor)”sin® (k,2)

We can therefore see that it is inside or outside the solenoid, the tensor of the

magnetic actions always comprises a tangential component. This tensor is also

symmetrical.
= C?K, (k,R)’
T :—Mll(kor) 1, (kor)sin(2k,2) (34)
24
=, 2C%1,(kR)’
T :”#Kl(kor)Ko(kor)sin(Zkoz) (35)
Hy

Inside the cylinder, the projection of the conservation equation on the axis
gives:

V, V12
O’ =-W,o,u"—u'o,u"——0o,u’ +—-wo,u'—-0,p’
r r

1 , u 2 ,
+E(AU _r_z_r_zagv) (36)
cos® (k,z) 1, (k,r
e 1) 1) S D)
e r
atv'=—Wbazv'—u’arv’—ﬁ—v—agv’—w’azv’—lagp'
ror r
1 v 2 (37)
+%[Av'—r—z+r—269u’j
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’

oW =-W,0,w' —u'd,W, —V—agw’ -u'o,W-wao,w -0, p’+iAW'
r

(38)
1 ., . 2 2 2
+MC ko sin(2k,z) K, (koR) (Io(kor) =1, (kor) )
1 r l r !
Far(ru )+?69(v)+61 (W)=0 (39)

3. Procedure and Numerical Bases

We consider that the variation of the perturbation of the fields of velocity, pres-
sure is periodic along the azimuthal and axial directions. These considerations
make it possible to approximate u in the following form.

VS (r,49, Z;t) = zL: i iamnl (t)¢mnl (r)ei(n9+ikoz) (40)
I=—L n=—N m=0

This approximation was used by Meseguer & Trefethen, 2003 [5].

The continuity equation leads to a linear dependence between the three com-
ponents of U(r,6,2) leading to a system with two degrees of freedom. There-
fore we note:

0 (ro.zt)= 3 5 3 [all (04 (1) e )
I=—L n=—N m=0

For j=(1,2) the substitution of Equation (10) in the Equation (1) the prob-
lem result in a system of ordinary differential equations of coefficients ar(n?, (t).

This substitution is followed by a projection based on the scalar product:
1
(f.9)=[w(r) " xgdr (42)
-1

where f~ designates the conjugated function of £

The basic functions will be chosen so that integrand is even, which will result

in:
Jl‘G(r)drzzjl'G(r)dr (43)

The basic functions are also chosen so that the projection of the pressure and
magnetic terms are zero. For this purpose functions based on Chebyshev poly-
nomial were considered. This choice imposes two essential criteria. The first
consists of choosing weights associated with Chebyshev polynomials, which
makes it easier to calculate the scalar product. The second criterion relates to the

approximation of the integral by a Gauss-Chebyshev-Lobatto quadrature of the

form:
1 M
(f,g)zlw(r)f*XQdméw(ﬁ)f*(rj)XQ(rJ) (45)
f =gl g=phy (46)
We define,
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hy (1) = (112 )T,05 9, (1) =(1-12) T, (47)

T

2m

is the Chebyshev polynomial defined by
T, =cos(2m4) (48)

The basic functions and tests were proposed by Leonard & Wray 1982 [6]
then used by Meseguer & Trefethen 2003 [5] and are defined as follows:

Basic functions

1*case: n=0

ik,Irg,, (r
: (1)
o =| tha (1) | ot = : (49)
D flz0
R +[rgm(r)] if | =
h, (r) if 1=0
27 case: n# 0
—inr’*g, (r) 0
o =| D9, ()] ]; g =| —ikyIr*?h, (r) (50)
0 {inr’h, (r)
2 if nieven
= e (51)
1 if nisodd
Test functions
1% case: n=0
0
Vi = ha (1) =
0 1-r2
—ik,Irg,, (r) (52)
w@ = ° o Lt
ot D, [rzgm(r)+ r°h, (r)] if 120 J1_2
rh, (r) ifI=0
27 case: n# 0
—inr’g, (r)
+ + 1 .
y = D[rﬁ g, (r)+r” th(r)] x —
0
0 (53)
ik Ir?*2h
,o ikoIr7*2h (1) ) 1
ot —inr?h (r) if 120 |7 f1_,2
r'’h, (r) if 1=0
5 0 if nis even (54)
|1 if nis odd
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Using the Fourier representation, the continuity equation becomes

Du(r)+iTnv(r)+iﬂow(r):O (55)
D, = D+% (56)

4. Numerical Implementation

Let

R, =-0 u—(u-V)u—Vp+iAu+iV B—Z (57)
v ! Re Ne ( 2

Replacing u by the basic functions and projecting on the basis of the test

functions, it comes:
(R,w)=0 (58)

The numerical method chosen is adapted from work in the early 1980 by Leo-
nard and Wray [6].

With this Petrov-Galerkin procedure that was then used by Meseguer & Tre-
fethen 2003 [5] and Meseguer & Mellibovsky 2007 [7], we obtain:

<¢;m|"//$m|) (¢r§n|v‘/’rlnn|) [d}“r"j_;.[clj_,_(dj
(i) (Fonwria) N ) ) (a2

(59)
1 (A i) (A )|,
TR (adhvta) (M) o)
where
ct? = —((u V)W, +(W, -V)u,y/,lr;ﬁ,) (60)

The matrix d“* derives from the projection of the nonlinear terms and can
be calculated with a pseudo-spectral method by Fast Fourier Transform (FFT).

Let the linear case where the nonlinear terms can be neglected, the problem
obtained after projection is a problem with the generalized eigenvalues

Av =Byv (61)

that will be solve numerically with QZ algorithm used by J. P. Berlioz [8]. To
implement this method, we will use Housholder’s unitary reflection matrices
and Givens rotation matrices (A. Quarteroni, R. Sacco and F. Saleri [9]) and (L.
Amodei and J. P. Dedieu [10]).

It is already established that the flow of a Newtonian fluid is linearly stable in
the absence of a magnetic field]. We will analyze here the effects of magnetic

field on such a flow.

5. Results and Discussion

We will treat this problem according to four cases that are:
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5.1. One-Dimensional Disturbance (n = 0, ko = 0)

For this case, we consider that the disturbance only of the temporal variable ¢
and of the spatial variable r. The spectrum of the eigenvalues allows us to notice
clearly that all the eigenvalues are real and negative, which means that the dis-

turbances will decrease with time and therefore the flow is stable.

spectrum of eigenvalues for spectrum of eigenvalues for

Re=5x 10 and Ne =7.3 x 10? Re=5x10°and Ne=7.3 x 10°

0.04 0.04

0.02 0.02
ST 0.001 0 e BEREOE ) o~ 0.00{¢ o0 BEREEE )

-0.02 -0.02

-0.04 -0.04

-1.0 -0.8 -0.6 -0.4 -0.2 -1.0 -0.8 -0b6 -04 -0.2

Contour of isovalues'of the longitudinal Velocity ﬁiel ds for the
velocity for the most unstable eignvalue most unstable eignvalue

5.2. Homogeneous Disturbance (n # 0, ko = 0)

This time the disturbance does not depend on the spatial variable zbut depends
on the other spatial variables rand 6 and on the temporal variable ¢ As for the
previous case, all eigenvalues found are real and negative, which also testifies to
the stability of the flow. Indeed, for this type of disturbance and the previous

one, the inertia term generating instability is zero.

spectrum of eigenvalues for spectrum of eigenvalues for
Re =5 x 10° and Ne = 8 x 102 Re=5x10°and Ne=8 x 10°
0.04 0.04
0.02 0.02
<7 0.00; ¢ e nem S70.001 ¢ e e
-0.02 -0.02
-0.04 -0.04
-4.0 -3.5—3.0—2.5—2CQ-1.5-1.0—0.5 0.0 —4.0-345-3.0—2.5—2.00—1.5—1.0—0.5 0.
Contour of isovalues'of the longitudinal Velocity fields for the

velocity for the most unstable eignvalue most unstable eignvalue
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5.3. Axisymmetric Disturbance (n = 0, ko # 0)

For this case, depends on space variables rand z and on time variable « The ei-

genvalues found are certainly complex but have a common characteristic: their

real parts are all negative. What also testifies to the stability of this flow although

the term of inertia is not null.

5

Contour of isovalues of the longitudinal
velocity for the most unstable eignvalue

spectrum of eigenvalues for

0.5
0.4
0.3
0.2
0.1
0.0 et
-0.1L

Re=3 x10°and Ne=7 x 10?

]
0 LN} »
.

-1.75-1.50-1 .25-(1:.00-0.75—0.50 -0.25

spectrum of eigenvalues for
Re=3x10°and Ne =7 x 10
0.5 )
0.4
03 :
0.2,
0.1 »
0.0 oo !

-0.11e
-1.75-1.50-1 .25-1.‘(:)0-0.75—0.50 -0.25

5

Velocity ﬁellds for the
most unstable eignvalue

5.4. Three-Dimensional Disturbance (n # 0, ko # 0)

For the latter case, the disturbances depend not only on time but also on all the

spatial variables. It is noted that as for the axisymmetric case, the eigenvalues are

imaginary but each of them has a negative real part. Therefore, this flow is tem-

porally stable. We also note that for the four cases studied above, when the Rey-

nolds number Re is fixed, the variation of the dimensionless number Ne has no

effect on the flow.

ST 0.1

spectrum of eigenvalues for
Re =5 x10% and Ne = 8 x 10?

0.4
0.3
0.2

0.0 o !
-0.1
0.2

.
-2.5 2.0 -léS -1.0 -0.5

Contour of isovalues of the longitudinal
velocity for the most unstable eignvalue

spectrum of eigenvalues for
Re=5x10°and Ne=8 x 10°
04 '
0.3
0.2
Q7 0.1 [
0.0 "o ";?
-0.1

-0.2{ ¢
-2.5 2.0 -1.05 -1.0 -0.5

Velocity ﬁe]lds for the
most unstable eignvalue
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6. Conclusion

It has also been established that the linear flow of such a fluid is theoretically
stable in the absence of a magnetic field. The flow of a Newtonian and non-
conductive fluid subjected to a magnetic field is linearly stable. It is as if the
magnetic field applied to the device introduces small disturbances to the flow.
On the other hand, the intensification of the magnetic effects has no effect on
the flow. Indeed, the volumetric magnetic force derives from a gradient; it is
canceled gift by projection on the functions test which is functions with null di-

vergence.
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Appendix Code

The algorithm QZ makes possible to determine the eigenvalues and optionally
the eigenvectors of the problem with generalized eigenvalues Av =Byv. The
idea is to transform the matrices A and B into similar upper triangular matrices.
If A and B are respectively upper Hessenberg and triangular matrices. We call
QA=R
(QB)Z =T
with Q unitary matrix, Z upper Hessenberg, R and T upper triangular. We will
QAZ = A

QBZ =8B

the QZ decomposition of pair (A, B) , the double factorization {

note later on { we can construct a unitary decomposing matrix A, as

a product of n — 1 matrices of elementary rotation: Q = Q(H) --‘Q(Z)Q(l) where
each Q(i) is a complex rotation matrix. Q(i) modifies the first and second lines
of B possibly creating a non-zero element in position (2,1) which will have to
be cancelled by a complex rotation matrix Z, modifying only the first and the
second column of Q(l)B . Note BY =B and B? = Q(l)B(l)Z(l). B s tri-
angular superior.

Let B® be upper triangular, let Q™ be the rotation matrix modifying only
the &' and (k + 1) columns of B possibly creating a non-zero element in
position (k +l,k) which will have to be cancelled by a matrix rotation z®
only modifying the &* and (k£ + 1)* columns of QWB™M | Lets say Bk
upper triangular, the process stops for k= n— 1 and we can write
B=QBZ=B", z=2Wxz@x...xz"Y.

If B is invertible, it is obvious that Q realizes a unitary and triangular decom-

is

position of AB™ and Z" aunitary decomposition of B™'A, in fact:
Z'B*A=Z"B'Q'QA=BQA
B and QA are upper triangular. We obtain the eigenvalues by calculating the

ratios of diagonal elements of QA4 and B.

Nomenclature

Greek letters

a: complex argument

¢ azimuthal coordinate

Mo: electrical permeability in vacuum
v: kinematic viscosity of the fluid
p: density of the fluid

n: dynamic viscosity of the fluid
¢: basic function

x: electrical susceptibility

- test function

Latin letters

A': potential vector

A : component of potential vector in the direction 7
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B : magnetic field

B, : component of the magnetic field in the direction /
C, : imaginary part of eigenvalue

C, : real part of the eigenvalue

£ density force

I, : modified Bessel function of the first kind of order 0
I, : modified Bessel function of the first kind of order 1
j : current density vector

Jo : maximum value of current density

| : axial mode

k =k, : axial wave number

K, : modified Bessel function of the second kind of order 0
K,: modified Bessel function of the second kind of order 1
1 azimuthal mode

Ne: new dimensionless number
P pressure

r. radial coordinate

R: radius of the cylinder

Re: Reynold’s number

t time variable

U = U, : fluid velocity not subjected to a magnetic field
Uy, : fluid velocity subjected to a magnetic field

Uo : maximum steady state fluid velocity

u’: disturbance velocity field

z axial coordinate
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